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Let T be a family of subsets of {1, 2, . . . , n}. The width-degree of an 
element x E [JJ 7 is the width of the family {U G T\x G U}. If T has maximum 
width-degree at most k, then T is locally k-wide. 

Bounds on the size of locally A;-wide families of sets are established. If 
T is locally A;-wide and centered (every U G T has an element which does not 
belong to any member of T incomparable to U), then \F\ < (k + l)(n — -|); this 
bound is best possible. Nearly exact bounds, linear in n and k, on the size of 
locally A;-wide families of arcs or segments are determined. If T is any locally 
A;-wide family of sets, then \T\ is linearly bounded in n. The proof of this result 
involves an analysis of the combinatorics of antichains. 

Let P be a poset and L a semilattice (or an intersection-closed family 
of sets). The P-size of L is \L P \. For u G L, the P-density of u is the ratio 

|[m) p | 

I pi 1 , The density of u is given by the [l]-density of u. Let p be the number of 

filters of P. L has the P-density property iff there is a join-irreducible a G L 

such that the P-density of a is at most -. 

Which non-trivial semilattices have the P-density property? For P = 

[1], it has been conjectured that the answer is: "all" (the union-closed sets 

conjecture). Certain subdirect products of lower-semimodular lattices and, for 

P = [n], of geometric lattices have the P-density property in a strong sense. This 

generalizes some previously known results. A fixed lattice has the [ra]-density 

property if n is large enough. The density of a generator U of a union-closed 

family of sets L with G L is estimated. The estimate depends only on the local 

properties of L at U . If L is generated by sets of size at most two, then there is 

a generator U of L with estimated density at most |. 
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CHAPTER 1 
INTRODUCTION 

1.1 To the Reader 

Section 1.2 is an overview of the contents of this work. 

Chapter 2 is a summary of the background material, and contains def- 
initions and some fundamental results from the combinatorics of finite sets and 
the theory of posets. Most of the definitions and terminology are standard. 
Table 2.2 in Section 2.1 contains a list of notation and terminology. 

Except in Chapters 1 and 2, most definitions appear after the paragraph 
heading Definition. Terms are italicized when first defined. Observations are 
statements which are true by definition or follow from the discussion and do not 
require further proof. 

Chapters 3 and 4 are independent and can be read in either order. 

The Notes at the end of each chapter contain a discussion of the liter- 
ature relevant to each section, attributions of results and references to related 
work. 

1.2 Overview 

The study of extremal properties of families of sets involves determining 
the relationships between their various size measures. Two fundamental size 
measures of a family of sets T are: \T\, the cardinality of the family; and lU-^l? 
the number of elements in the union of its members. Many size measures are 
obtained by considering T as a poset ordered by inclusion. One such measure 
is the width of the family T . Another measure is the P-size of T given by the 
number of order-preserving maps from the poset P into T . For example if P is 
the ra-element chain, then the P-size of T is the number of multichains of length 
n — 1 of T . 

Let w be a size measure for families of sets. Let T x = {U £ T \ x £ U}. 
The domain of T is the set (J T . The measure w induces a generalized degree 
measure as follows: If x is an element of the domain of J 7 , then the w-degree 
of x is w(J- x ). If T is a graph (i.e. every member of T is a pair) and w is the 
cardinality function, then the w-degree coincides with the usual notion of degree 
for graphs. 

The size measure w also induces a generalized notion of density. If Q 
is a subfamily of T , then the w-density in T of Q is the ratio ™/jl ■ If x is an 
element of the domain of J 7 , then the w-density in T of x is the w-density in T 
of T T .. 



Much research has been devoted to the extremal theory of sets. How- 
ever, many generalized degrees and densities have only recently been introduced. 
There are some well known open problems concerning these notions, in particular 
concerning the notion of density. Perhaps the most famous is the union-closed 
sets conjecture due to P. Frankl (Conjecture 4.3.7). A list of others can be found 
in Section 4.12. 

This work consists of two parts. The first introduces the study of the 
width-degree. The second examines P-densities in intersection- and union-closed 
families of sets (i.e. semilattices). 

The width-degree. A family of sets of maximum width-degree at 
most k is called locally k-wide. Except for Knill et al. [27], there has been 
no published work on locally A;-wide families of sets. The concept was first 
introduced by Ehrenfeucht and Haussler as part of the definition of pseudotrees. 
Their aim was to find structures more general than trees for classifying textual 
information. 

A tree on the set X is a locally 1-wide family T of subsets of X such 
that T contains X and the singletons of X . Since T is locally 1-wide iff every 
pair of members of T is either comparable or disjoint, a tree on X has the 
familiar tree-like structure where X is the root and the singletons of X are the 
leaves. A tree T also has the property that every U £ T has an element not 
contained in any member of T incomparable to U . Families of sets with this 
property are called centered. Thus centered, locally A;-wide families of sets are a 
natural generalization of trees. Such families are called k -pseudotrees. 

In order for A;-pseudotrees to be useful from a data structure perspec- 
tive, they should not be too large relative to the size of the domain. Ehren- 
feucht and Haussler asked the following question: Is the size of a A;-pseudotree 
linearly bounded in the size of the domain? The special case for 2-pseudotrees 
of segments was solved by Knill in 1990. Knill and Ehrenfeucht subsequently 
showed that if the domain of a A;-pseudotree T has n elements where n > k, then 
\3~\ < (k-\-l)(n— 2) (Theorem 3.4.1). This bound is best possible. Linear bounds 
have now been obtained for locally A;-wide families of arcs (Theorem 3.6.1), lo- 
cally A;-wide families of segments (Theorem 3.6.6) and arbitrary locally A;-wide 
families of sets (Theorem 3.8.1). The results are summarized in Table 1.1, where 
f(k, n) is the maximum size of a locally A;-wide family of subsets of {1, 2, . . . , n} 
in the given class. 

The proof of the linear bound for locally A;-wide families of sets requires 
an analysis of the combinatorics of certain antichains of posets. An antichain A 
of the poset P is a maximal r-antichain iff the width of the filter [A) generated 
by A is r and A is the only antichain of size r in [A). A maximal * -antichain is a 
maximal r-antichain for some r. The family of maximal *-antichains is a meet- 
subsemilattice of the family of antichains of P with the filter order (defined by 



A < B iff B C [A) ) (Theorem 3.7.3). If A and B are incomparable *-antichains, 
then \A A B\ > max(|A|, |P|) (Corollary 3.7.4). If w is the width of P, then the 
union of the *-antichains consists of at most ^^ — - elements (Theorem 3.7.8). 

P-densities. Let P be a poset and let p be the number of filters of 
P. An intersection-closed family of sets L has the F '-density property iff there is 
an element x in the domain of F such that the P-density of x is at most -. The 
density property is the [l]-density property (note that for P = [1], p = 2). 

The problem discussed in the second part of this work is the following: 

Problem 1.2.1 What intersection-closed families of sets have the P-density 
property? 

One version of the union-closed sets conjecture asserts that for every 
intersection-closed family F with at least two members, there is an element 
in the domain of F contained in at most one half of the members of F (see 
Duffus [14]). If true, this implies that all non-trivial intersection-closed families 
have the density property. 

If the intersection-closed family F is trivial (i.e. \F\ = 1), then F does 
not have the P-density property for any poset P. No other examples without 
the P-density property are known. 

Every intersection-closed family is a meet-semilattice, and conversely 
every meet-semilattice can be represented by an intersection-closed family (e.g. 
the family of principal ideals of the semilattice). Therefore one can use lattice 
theoretical techniques to analyze Problem 1.2.1. The notion of an element in 
the domain is replaced by that of a (proper) join-irreducible. For the remainder 
of this section, all (semi-)lattices, intersection- and union-closed families are 
assumed to have at least two members. 

Known results related to the union-closed sets conjecture are: 

(i) If the intersection-closed family F contains ((J L)\{x, y} for some x, y £ 
(JZ-, then F has the density property. 

(ii) If the average size of the members of the intersection-closed family F is 

at most ^lU^L then F has the density property, 
(iii) If the meet-semilattice F has the density property, then so does F X M 

for any meet-semilattice M. 

(iv) Modular and geometric lattices have the density property. 

(v) If F is a meet-semilattice and n is the maximum cardinality of F \ [a) 
for join-irreducibles a, then \F\ < Cnlogn for some constant C. 

Results (i) and (ii) are obtained by double counting. They can be 
generalized and used as a starting point to establish lower bounds on counter- 
examples to the union-closed sets conjecture (see Sarvate and Renauld [38]). 
Result (iii) follows from the observation that if a is a join-irreducible of F, then 



(a, Om) is a join-irreducible of M. Results (iv) and (v) are of unknown origins. 
They are generalized in Sections 4.7 and 4.10 respectively. 

To generalize (iii) and (iv), the idea of decreasing matchings among dif- 
ferent types of order-preserving maps in L p is introduced. Let F be a filter of P 
and a a join-irreducible of L. Define T(L , P, a) = {/ £ L \ f(x) > a iff x £ F}. 
The order-preserving map / : P —> L is of type (P, a) iff / £ T(Z- P ,P, a). The 
pair (Z-, a) has the top matching property for P iff for every filter F of P there 
is a one-to-one map a : T(Z- P ,P, a) — ► T(Z- P ,P, a) such that ct(/) < /. The 
semilattice L has the top matching property iff there is a join-irreducible a £ L 
such that (L,a) has the top matching property. The matching property implies 
the P-density property. There are non-trivial semilattices which do not have the 
matching property for any poset (Example 4.2.8). 

In Section 4.7 it is shown that lattices with alower-semimodular coatom 
have the matching property for any poset (Theorem 4.7.4). This includes all 
lower-semimodular and in particular all modular lattices. It is also shown that 
(non-trivial) geometric lattices have the matching property for linearly ordered 
sets (Theorem 4.7.9). 

The matching property is preserved not only by direct products, but 
also by certain subdirect products which preserve local properties of lattices 
(Section 4.5). To make the notion of locality precise, lattices are considered as 
union-closed families of sets (Section 4.6). The join-irreducibles of the lattice L 
form a family of sets J which generates L (by union). The lattice neighborhood 
Nl(U) of U C [jjis the union-closed family generated by {0}U{A £ J \ AnU ^ 
0}. If U £ J and A/~l(U) is a geometric lattice, then (L, U) has the matching 
property for the ra-element chain. This and similar results appear in Section 4.7. 

In Section 4.11 a technique is developed for estimating the density of 
a join-irreducible a of L which depends only on A/~l(\J J\Tl(o,)) . This estimate is 
used to show that if the lattice L (considered as a union-closed family of sets) is 
generated by a graph, then L has the density property (Theorem 4.11.2). This 
implies that for every graph G there is an edge contained in at most half of the 
unions of edges of G. 

Result (v) listed above is generalized in Section 4.10: If for every join- 
irreducible a the number of order-preserving maps not of type (P, a) is at most 
n, then \L P \ < M(n), where M(n) ~ ralog (n) asymptotically. The bound is 
exact for a generalization of the notion of lattices to multi-semilattices, where 
every non-maximal member of the lattice is assigned a multiplicity. 

In Section 4.9 an expression for the Zeta polynomial is used to show 
that if L is a fixed non-trivial lattice and n is sufficiently large, then L has the 
[ra]-density property (where [n] is the ra-element chain). 



Table 1.1 



Class 


f(k,n) 


Location 


U ^T =*► \U\ = r 


<LvJ 


Theorem 3.3.5. 


All families 


< 2 + n + knln(n) 


Theorem 3.3.6. 




< {2kf- 1 n 


Theorem 3.8.1 




> 3kn — o(kn) if 






1 = o(k) and k = o(n) 


Example 3.8.2. 


Centered families 


(fc + l)( TC _|) if 






n > k 


Theorem 3.4.1. 


Families of segments 


2kn - 2k 2 + k + 1 if 






n > 2k 


Theorem 3.6.5. 


Families of arcs 


< 2kn - k + 1 

> 2kn - k 2 - k + 2 if 


Theorem 3.6.1. 




n > k 


Example 3.6.2. 



CHAPTER 2 
PRELIMINARIES 

2.1 Conventions and Notation 

All sets and structures are finite by default. On the few occasions where 
an infinite set is used, this will be stated explicitly. 

Subscripts and function arguments will be omitted when it is possible 
to do so without loss of clarity. 

The guidelines for symbol use are given in Table 2.1. 

Table 2.1: Guidelines for symbol use. 

C,C classes of structures 

A, B antichains of sets 

J-, Q, 7i families of sets 

A,B,C... sets, antichains 

F, G, H filters 

L,M semilattices 

P, Q posets 

U, V, W sets, members of a family of sets 

X, Y, Z sets, domains 

a,b,c . . . elements, join-irreducibles, atoms etc. 

i,j,k... integers 

u, v, w elements of a semilattice 

x, y, z arbitrary elements, real numbers 



A list of notation and terminology is given in Table 2.2. 

2.2 Sets, Arcs and Segments 

An n-set is a set with exactly n elements. The sets A and B intersect 
iff A fl B is non-empty. A and B are comparable iff A C B or B C A. A and B 
are incomparable iff they are not comparable. A and B overlap iff they intersect 
and are incomparable. 

If i and j are integers, then [i,j] denotes the segment of integers k such 
that i < k < j. If j < i, then [i,j] is the empty segment. For i < j, the left and 
right endpoints of [i,j] are i and j respectively. A segment of [n] is a segment 
[i,j] with [i,j] C [n]. Let [i,j] and [k,l] be segments. Note that if k = i or 



Table 2.2: Notation. 



Z the integers 

N the non-negative integers 

P the strictly positive integers 

R the real numbers 

[n] the set {1, 2, . . . , n} with the linear order 

[i,j] the set of integers k such that i < k < j 

Z n the integers modulo n, represented by {0, 1, . . . , n — 1} 

the empty set 

|X| the number of elements (cardinality, size) of the set X 

\_x\ the greatest integer < x 

\x~\ the least integer > x 

log (a;) the logarithm base two of x 

\n(x) the logarithm base e of x 

n\ the factorial of n: n\ = 1 • 2 • . . . • n 

{n)k the fc'th falling factorial of n: 

(n)k = n(n — 1) . . .{n — k + 1) 

(^) the binomial coefficient: (p = -^p 

fog the composition of the maps / and g 

f | A the restriction of the map f to A 

f = o(g) means lim^oo j^ = 

/ = 0(g) means that for some c > 0, f(x) < C ■ g(x) 

f ~ g means lim^^oo j^ = 1 

A C B the set A is a proper subset of B 

AC B A = B or Ac B 

Af] B the intersection of the sets A and B 

Ali B the union of the sets A and B 

A\B set difference: the set of elements of A not in B 

(a, b) the ordered pair a and b 

Ax B the cartesian product of the sets A and B 

n"=i A-i the cartesian product of the sets A\ . . . A n 

iTi the projection onto the i'th component of a 

cartesian product 

&g(x) the degree in the graph Q of x 



Table 2.2: continued. 



2 X the family of subsets of X 

(J T the union of the members of the family of sets T 

f) T the intersection of the members of T 

TM Q for families of sets T and Q: T V Q = {U U V \ U G T, V G Q) 

T KG for families of sets T and Q: T A Q = {U n V | P G J 7 , V G G} 

J- ex the family induced by T in X: J- ex = {U C X \U E J 7 } 

T^x the family induced by T above X: 

T 2X = {UDX\UeT} 

T^x the restriction of T to X: T^x = {U D X \U E J 7 } 

T\x the restriction of T to the complement of X: 

T\ X = {u\x\ueT} 

[J-] r the family of members of T of size (or rank) r: 

[T] r = {U ET\\U\ = r} 
C(U) the center of U in a family of sets 

Op the least element of the poset P (if it exists) 

lp the greatest element of the poset P (if it exists) 

[x, y] for x < y in the poset P, the interval of elements 

between x and y: [x, y] = {z G P \ x < z < y} 
(A] the ideal generated by A in the poset P: 

(A] = {x£P\x<y for some y G A} 
[A) the filter generated by A in the poset P: 

[A) = {x£P\x>y for some y G A} 
V A the least upper bound of A in a poset (if it exists) 

/\ A the greatest lower bound of A in a poset (if it exists) 

J(L) the set of proper join-irreducibles of the meet-semilattice L 

M(L) the set of proper meet-irreducibles of the join-semilattice L 

V{L) the family of principal ideals of the semilattice L 

Sub(Z-) the family of subsemilattices of L 

P + Q the disjoint union of the posets P and Q 

Q p the set of order-preserving maps from P to Q 

w(P) the width of the poset P 

T(L P , F, a) for the semilattice Z-, poset P, filter F of P 

and join-irreducible a E L: 

T(L P , F, a) = {f EL P \ f(x) > a iff x G P} 
P = Q means that P is isomorphic to Q 



j = /, then the two segments are comparable. The segment [i,j] is to the left of 
[k,l] iff [i,j] and [k,l] are incomparable and i < k. The intersection of [i,j] and 
[k, I] is also a segment. If [i, j] is to the left of [k,l], then their intersection is the 
segment [k,j] and is called the left overlap of [i,j] with [k,l]. If this intersection 
is non-empty, then [i,j] overlaps [k,l] from the left. The right overlap of two 
segments is defined similarly. 

The number i precedes j in Z n iff j = i + lmod(ra). This defines the 
clockwise cyclic order on Z n . The number j occurs before k clockwise from i iff 
j = k or j appears before k in the sequence 

i, i + 1 mod(ra), i + 2 mod(ra), . . . , i — 2 mod(ra), i — 1 mod(ra). 

In clockwise cyclic order i < j < k means that j occurs before k clockwise from 
i. The expression [i, k] denotes the arc of elements j £ Z n such that in clockwise 
cyclic order i < j < k. The left and right endpoints of the arc [i, k] are i and k 
respectively. By default [i,k] ^ Z n , so that k + 1 mod(ra) ^ i. 

The intersection of two incomparable arcs is not necessarily an arc, but 
consists of the union of at most two disjoint arcs. The arc [i,j] overlaps [k,l] 
from the left iff k occurs before j clockwise from i, and the arcs [i,j] and [k,l] 
are incomparable. The arc [k,j] is called the left overlap of [i,j] with [k,l]. 

The cyclic closure of [n] is obtained by letting the integer n precede 1 
in [n]. The cyclic closure of [n] is identical to Z n with the clockwise cyclic order 
if A; £ [n] is identified with k — 1 mod(ra) £ Z n . 

2.3 Families of Sets 

A family of sets J 7 is a set of sets. The domain of T is given by [J J 7 . 
.F is a family of arcs (segments) of Z n ([n]) iff every member of T is an arc 
(segment) of Z n ([n]). A hypergraph is a pair (J 7 , X), where T is a family of 
sets and X includes the domain of T . The members of T are the edges of the 
hypergraph. The elements of X not in the domain are isolated elements of the 
hypergraph. The hypergraph (J 7 , X) is r-uniform iff every member of T has 
exactly r elements. 

If T and Q are families of sets, then T V Q = {U UV \ U £ T,V £ Q} 
and T l\Q = {U f)V \ U E J 7 , V E Q}. The family of sets T is union-closed iff 
for every U,V £ J 7 , U UV £ T . Equivalently, T is union-closed iff T V T C T . 
Similarly, T is intersection-closed iff T A T C T . 

Observation 2.3.1 Let X be a subset of the domain of the family of sets T . If 
T is union-closed (intersection-closed) then so are the induced families of sets 
J~cx and T^x, as we ^ as the restrictions T^x an d ^~\x °f 3~ . 

Let T be a union-closed family of sets. The family T is generated 
by Q iff T consists of the unions of non-empty subfamilies of Q, that is iff 
J 7 = {{JTC \7i C Q,TC ^ 0}. The generators of T are the members U of T such 



10 



that if Q C T and \JQ = JJ, then U G Q ■ Note that .F is generated by the family 
of generators of T . 

A forest (of sets) on X is a family T of non-empty subsets of X such 
that for every U,V G J-,U and V are either comparable or disjoint. If in addition 
T contains X and the singletons of X , then T is a tree (of sets). 

A partition of X is a family of sets T with domain X such that the 
members of T are pairwise disjoint. The partition Q of X is coarser than T iff 
every member of T is included in a member of Q . 

2.4 Partially Ordered Sets 

A partially ordered set P (poset, for short) is a non-empty set (also 
denoted by P) together with a reflexive, transitive and antisymmetric binary 
relation < on P. Thus for every x,y,z G P, x < x (reflexivity); x < y and 
y < z imply that x < z (transitivity); and x < y and y < x imply that x = y 
(antisymmetry). The relation < is the partial order on P. The expression x < y 
means x ^ y and x < y. The element x is below y iff x < y, and x is above y iff 
y < x. 

Let P be a poset. The <iwa/ partial order of P is obtained by reversing 
the partial order of P. The set P together with the dual partial order is denoted 
by P* (the dual of P). For x,y G P*, a; < y in P* iff y < x in P. Whenever 
appropriate, the symbols < and < are reversed to denote the dual partial order. 

If T is a family of sets, the subset relation induces the inclusion order 
on T defined by U < V iff U C V . When terminology for posets is used in 
the context of a family of sets, the intended partial order is the inclusion order 
(unless otherwise specified). 

Let P be a poset. The elements x and y of P are comparable iff x < y 
or y < x; otherwise, x and y are incomparable. The element y is between x and 
z iff x < y < z. The element x covers y in P iff y < x and the only elements 
between x and y are x and y. The cover relation of P defines a directed graph, 
the Hasse diagram of P, obtained by connecting x to y iff a; covers y. The Hasse 
diagram of P completely determines the partial order of P (assuming that P is 
finite). Pictorial representations of the Hasse diagram, where a downward edge 
from x to y means that x covers y, are frequently used to represent posets. 

The poset P has the discrete order iff for every x,y G P with x ^ y, 
x and y are incomparable. P is a linearly ordered set (or a chain) iff for every 
x,y£P,x<yory<x. Thus, [ra] is linearly ordered by the usual ordering of 
the integers. Figure 2.1 shows the Hasse diagrams of {1, 2, 3,4} with the discrete 
order, 2^' 2 > and [4]. 

The partial order <' is an extension of the partial order < of P iff for 
every x,y G P, x < y implies that x <' y. The following theorem is one of 
the fundamental results in the theory of posets (see Notes at the end of this 
chapter). 
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Figure 2.1: {1,2,3,4} (with the discrete order), 2^' 2 > and [4] 



Theorem 2.4.1 For every poset P there exists a linear order which extends the 
partial order of P. 

Let P be a poset. If x and y are elements of P and x < y, then the 
interval from x to y, denoted by [x, y], consists of the elements of P between x 
and y. The subset Q of P is convex iff for every x and y in Q such that x < y, 
[x,y] C Q. The order induced by P on the subset Q is the restriction of the 
partial order of P to Q. Thus, if x, y E Q, then a; < y in Q iff x < y in P. A 
maximal element of Q is an element x E Q such that for every y E Q, x yt y. 
Dually, a minimal element of Q is an element x E Q such that for every y E Q, 
y yt x. Observe that x is minimal in Q iff x is maximal in Q*. If a; is the only 
maximal element of Q, then x is called the greatest element of Q. If a; is the 
only minimal element of Q, then x is called the least element of Q. If P has a 
greatest element, this element is denoted by lp. Similarly, the least element of 
P, if it exists, is denoted by Op. An atom is an element which covers 0; a coatom 
is an element which is covered by 1. 

The element x of P is an upper bound of Q iff for every element y of Q, 
y < x. The element x is the least upper bound of Q iff a; is the least element of 
the set of upper bounds of Q. If it exists, the least upper bound of Q is denoted 
by \J Q- Lower bounds and greatest lower bounds of Q are defined dually. If it 
exists, the greatest lower bound of Q is denoted by /\Q. If Q = {x,y}, then 
V Q and /\ Q are also denoted by x V y (the join of x and y) and x Ay (the raee£ 
of x and y) respectively. To avoid ambiguity, Vp and Ap will be used to denote 
the join and the meet operations in P, when necessary. 

The basic properties of the (in general partial) join and meet operations 
are as follows: 



and x A x = x. 

y V x if either side exists; and 



V and A are idempotent, i.e. x\l x - 

V and A are symmetric, i.e. x V y 
similarly for A. 

V and A are associative, i.e. if x V y, y V z, (x V y) V z and x V (y V z) 
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all exist, then (x V y) V z = x V (y V z); and similarly for A. 

- V and A satisfy the absorption identities, i.e. (x V y) A x = x (if x V y 
exists) and (x A y) V x = x (if x A y exists). 

If P has a greatest element 1 then /\ = 1 and if P has a least element 
6 then V0 = 6. 

A (proper) chain of P of length n is a strictly increasing sequence 
xo < xi < . . . < x n of elements of P. The maximum length of a chain of P 
is called the height of P. A multichain of length n is an increasing sequence 
^o < #i < . . . < x n of elements of P. Note that a (multi)chain of length n has 
n + 1 elements. 

An antichain of P is a subset A of P such that every pair of distinct 
elements of A are incomparable. The maximum cardinality of an antichain of P 
is called the width of P and is denoted by w(P). An antichain of P with w(P) 
elements is called a Sperner antichain. 

If P is the disjoint union of n chains, then the width of P is at most n. 
The converse is given by the following result due to Dilworth [10]: 

Theorem 2.4.2 If P is a poset of width w, then P is the disjoint union of w 
chains. 

An (order) ideal of the poset P is a subset I of P such that if x £ / 
and y < x in P, then y £ I. An (order) filter of P is a subset F of P such 
that if a; £ P and y > x in P, then y E F. The family of ideals of P is both 
intersection- and union-closed, as is the family of filters of P. 

If A is an antichain of P and x £ P, then a; is below A iff there exists 
y E A such that x < y. The set of elements of P below A is the ideal generated 
by A and is denoted by (A]. The element x of P is above A iff there exists y E A 
such that x > y. The set of elements of P above A is the filter generated by 
A and is denoted by [A). For a; £ P, the principal ideal generated by a; is 
(a;] = ({a;}] and the principal filter generated by x is [ai) = [{a;}). 

Let A be the family of antichains of P. Identifying each antichain A 
with (A] induces a partial order on A, where A < B iff (A] C (P]. This is called 
the ideal order of A. The _/j/ter order is the partial order of A defined by A < B 
iff [A) D [B). Note that this is the dual of the partial order induced on A by 
the inclusion order of the family of filters [A) for A £ A. 

Let / be an ideal of P. Let A be the set of minimal elements of I. 
Then A is the (unique) antichain which generates I. Similarly, if F is a filter of 
P, the set of maximal elements of F is the unique antichain which generates P. 
This establishes bijective correspondences between antichains and ideals, and 
between antichains and filters. 

Let T be a family of sets partially ordered by inclusion. The subfamilies 
of T can be ordered by defining Q <Ji\ff\\Q C(J"H for Q,TC C T . This is an 
extension of the inclusion order of the subfamilies of T . Since for an antichain 
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A of J 7 , (J A = \J(A], the restriction of this order to the antichains of T extends 
the ideal order. Alternatively, the subfamilies of T can be ordered by defining 
Q < TC iff f]Q C f]7i for Q,TC C T . This extends the dual of the inclusion 
order of the subfamilies of T . Since for an antichain A of J 7 , f]A = f][A), the 
restriction of this order to the antichains of T extends the filter order. Thus, 
deciding which partial order of the antichains of T to use often depends on 
whether we are interested in intersections or in unions of antichains. 

Let P and Q be posets. A map / : P — ► Q is order-preserving iff x < y 
in P implies that f(x) < f(y). The composition of order-preserving maps is 
order-preserving. P and Q are isomorphic iff there is an order-preserving bijec- 
tion / : P — ► Q with an order-preserving inverse. The set of order-preserving 
maps from P to Q is denoted by Q p . The set Q p is partially ordered by defining 
/ < g iff for every x £ P, f(x) < g(x) in Q. 

Let / be an order-preserving map from P into the two element chain [2]. 
Then the set of elements x of P such that f(x) = 1 is a filter of P. Conversely 
if F is a filter of P, then the map / : P — ► [2] defined by f(x) = 1 iff x £ F is 
order-preserving. This correspondence between [2] p and the set of filters of P is 
order preserving: 

Theorem 2.4.3 Fhe family of filters of P is isomorphic to [2] . 

Two other useful constructions on posets are the cartesian product and 
the disjoint union. The cartesian product PxQ of P and Q has the partial order 
defined by (x,y) < {x ! , y') iff x < x' and y < y' . The disjoint union P + Q of P 
and Q has the partial order defined by x < y iff either x,y £ P and a; < y in P 
or x,y E Q and a; < y in Q. 

2.5 Lattices and Semilattices 

A meet-semilattice is a poset £ such that for every u,v £ i, the greatest 
lower bound m A v of m and v exists. The dual of a meet-semilattice is a j'om- 
semilattice. A semilattice is by default a meet-semilattice. If all pairwise meets 
in a poset exist, then every non-empty (finite) subset has a greatest lower bound. 
Thus, every meet-semilattice has a least element (its greatest lower bound), and 
every join-semilattice has a greatest element. 

A non-empty intersection-closed family of sets is a meet-semilattice 
with the meet operation given by intersection; a non-empty union-closed family 
of sets is a join-semilattice with the join operation given by union. 

A lattice is a poset which is both a meet- and a join-semilattice. Lattices 
can be defined algebraically using the properties of the meet and join operations 
listed in Section 2.4. If L is a meet-semilattice and U C L has an upper bound, 
then U has a least upper bound V U, given by the greatest lower bound of the 
set of upper bounds of U . This implies that if L has a greatest member, then L 
is a lattice. If the semilattice L does not have a greatest member, it suffices to 
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adjoin a new greatest element 1 to L, obtaining the lattice L = L U {!}; this is 
the completion of L. 

The subset M of the meet-semilattice £ is a meet-subsemilattice of £ 
iff M zjz and for every u, v £ M, m A f is in M. Join-subsemilattices are defined 
dually. M is a sublattice of the lattice £ iff M is both a meet-subsemilattice and 
a join-subsemilattice of i. 

Let L and M be meet-semilattices. The map / : L —^ M is a meet- 
homomorphism iff for every u,v E L, f(u A v) = f(u) A /(f)- If / is a meet- 
homomorphism, / is said to preserve meets. Note that a meet-homomorphism 
is an order-preserving map. Join-homomorphisms are defined dually. If L and 
M are lattices and / is both meet- and join-preserving, then / is a lattice homo- 
morphism. A semilattice isomorphism is a meet-preserving bijection. A lattice 
isomorphism is a meet- and join-preserving bijection. 

The element u of L is join-irreducible iff whenever v V w = u, either 
u = v or u = w. If u covers two distinct elements v and w, then u = v \J w. 
This implies that m is join-irreducible iff u covers at most one element of L. The 
only join-irreducible of L which covers no other element of L is 0. The proper 
join-irreducibles of L are the join-irreducibles of L other than 0. Note that every 
element u of L is the join of the join-irreducibles below u. Meet-irreducibles are 
defined dually. 

The semilattice L is atomic iff every proper join-irreducible of L is an 
atom of L. The join-semilattice L is coatomic iff every proper meet-irreducible 
of L is a coatom of L. 

The Boolean lattice B n generated by n atoms is (isomorphic to) the 
family of subsets of an ra-set. The atoms of B n correspond to the one-element 
subsets. 

The distributive laws are the identities 

(u A v ) V w = (u V w) A (v V w), (u V v ) A w = (u A w) V (v A w). 

A distributive lattice is a lattice satisfying the distributive laws. Note that 
the dual of a distributive lattice is distributive. Since union distributes over 
intersection and intersection distributes over union, a family of sets which is both 
union- and intersection-closed is a distributive lattice; in particular, families of 
ideals and families of filters of posets are distributive lattices. The converse is 
part of the Fundamental Theorem of Distributive Lattices (see Gratzer [17] for 
a proof): 

Theorem 2.5.1 For every distributive lattice L with \L\ > 2, there is a unique 
(up to isomorphism) poset P such that L is isomorphic to the family of ideals of 
P. 



The poset P in the theorem is given by the set of proper join-irreduc- 
ibles of L. The isomorphism is obtained by assigning to each element u £ L 
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the ideal of all proper join-irreducibles below u. Since the family of ideals of P 
is the family of filters of P* , Theorems 2.4.3 and 2.5.1 imply that the class of 
distributive lattices L with \L\ > 2 is equivalent to the class of posets of the 
form [2] p . 

Let P be a poset. Consider the family A of antichains of P. The 
correspondence between antichains and ideals discussed in Section 2.4 shows 
that A with the ideal order is a distributive lattice, where A V B is given by the 
set of maximal elements of A U B. The correspondence between antichains and 
filters shows that A with the filter order is a distributive lattice, where A A B is 
given by the set of minimal elements of AUB. These two lattice structures on A 
are in general not the same. An important subfamily of the family of antichains 
of P for which the two lattice structures do coincide is the family of Sperner 
antichains of P: 

Theorem 2.5.2 (Dilworth [12]) Let A and B be Sperner antichains of the poset 
P. Then for both the filter and the ideal order of antichains, A A B and AV B 
are Sperner antichains of P. In either case, AAB is the set of minimal elements 
of Ali B and AV B is the set of maximal elements of Ali B. 

Let L be a lattice. The upper covering condition for L asserts that if 
u covers v in L, then for every w G L, u V w covers v\/wotu\/w = v\/w. 
The lattice L is upper semimodular iff L satisfies the upper covering condition. 
The lower covering condition for L asserts that if u covers v in L, then for every 
w G L, u A w covers vAworuAw = vAw. The lattice L is lower semimodular 
iff L satisfies the lower covering condition. The lattice L is modular iff L is both 
upper and lower semimodular. 

The lattice L is geometric iff L is atomic and upper semimodular. A 
subset B of the atoms of the geometric lattice L is independent iff for every 
proper subset A of B,\/A<\/B. Independent sets of atoms have many of the 
properties of independent sets of vectors of vector spaces: 

Theorem 2.5.3 If x is an element of the geometric lattice L, then there is an 
independent set of atoms A such that V A = x. If x <y, and A is an independent 
set of atoms such that \J A = x, then there is an independent set of atoms B 
such that B D A and \J B = y. If A is an independent set of atoms and a is an 
atom with a ^ V A, then A U {a} is independent. 

2.6 Two Results from the Combinatorics of Sets 
Theorem 2.6.1 Let J 7 be a tree on an n-set. Let \U\, . . . , U},} be the family of 
members U of T with \U\ > 2. Suppose that for 1 < i < b, JJ{ covers 2 + r\ sets 
in T . Then 



|.F| = 2n-l-£\ 



8 = 1 
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Proof. Let X be the domain of T . We can assume that Ui is maximal in 
{U\, . . . , Ui}. For i > 0, let Ti consist of the singletons of X and the sets Uj for 
1 < J ' < i- Let Aii be the set of maximal members of T{. Since T is a tree, for 
U,V E J 7 , U and F are either comparable or disjoint. It follows that Aii is a 
partition of X for each i. If i < J, then [/,- ^ [/j, so if Ui covers U in J 7 , then [7 
is maximal in Ti-\. Thus [/,- covers 2 + r 8 - members of Aii-i, which gives 

\Mi\ = |M_i|-l-r 8 

for each i > 1. This implies that 



8 = 1 



|A-i6i = iA-i | -&-;>>• 

8 = 1 

Since A'lfe = {X} and A^o = {{%} \ x G X}, this gives 

b 
1 = n — b — V] ; 

Solving for b and using T = n + b yields 

b 
\T\=2n-l-^2n, 

8 = 1 

as required. ■ 

Corollary 2.6.2 If J 7 is a tree on an n-set, then \T\ < 2ra — 1. 

Proof. If U G T and \U\ > 2, then U covers at least two members of J 7 . The 
result follows by Theorem 2.6.1. ■ 

The next result, known as Kleitman's lemma, has many applications. 
Its proof can be found in Anderson [3]. 

Theorem 2.6.3 (Kleitman [25]) Let X be an n-set. If J 7 and Q are filters in 
2 X , then 

|^ng| ^^ \T\\g\ 

2 n ~ 2 n 2 n ' 

This says that the density (in 2 ) of the intersection of two filters is at 
least the product of the densities of each. 

2.7 Notes 

Section 2.1. The terminology for induced families of sets and re- 
strictions of families of sets given in Table 2.2 loosely follows that in Lovasz [31]. 
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Section 2.3. Families of sets are a fundamental research area of 
combinatorics. An excellent text on the subject is Anderson [3]. 

Families of sets are often studied as hypergraphs. Hypergraphs are 
so-called because they are a natural generalization of graphs. An up-to-date 
overview of research on hypergraphs can be found in Fiiredi [15]. 

The notion of a tree is usually defined for graphs. In graph theory, a 
tree is a connected graph without circuits. An arborescence is a directed graph 
with root a such that for every vertex x of the graph, there is a unique path 
from a to a;. Arborescences can be obtained from trees by selecting a root and 
directing every edge of the graph away from the root. A tree of sets T can be 
made into an arborescence by connecting U to V iff U covers V in T . Conversely, 
an arborescence in which every vertex has either out-degree zero (the leaves) or 
out-degree at least two, can be made into a tree of sets by associating to each 
vertex v the set of leaves which can be reached from v. 

Trees and arborescences are well researched structures and have many 
applications in combinatorics (see Lovasz [31]), as well as in computer science 
(see Cormen et al. [6]) and classification theory. 

Section 2.4. Posets are used in all areas of mathematics. The com- 
binatorial properties of posets have attracted a lot of interest, particularly since 
Rota's 1964 article on the theory of Mobius functions [36]. Yet, in available 
texts which cover posets, the focus is usually on lattice theory (Crawley and 
Dilworth [7], Gratzer [17]). For an account of the theory of posets from a combi- 
natorial perspective, including a collection of interesting exercises with solutions 
and references, see Stanley [41]. Good sources of information on current research 
in this area are Proceedings [34] and [35]. 

Altwegg [2] shows that a poset can be defined in terms of its between- 
ness relation (up to duality). Using Hasse diagrams to represent posets is stan- 
dard practice. An interesting open problem is to characterize the undirected 
graphs which arise from Hasse diagrams of posets (see [35]). 

The fact that every poset has a linear extension is mentioned as the 
first of three fundamental results in the theory of ordered sets in Rival [32]. He 
attributes this result to Szpilrajn [42]. 

Every subset of a poset can be considered as a sub-poset with the in- 
duced order. However, this notion of sub-poset is too general for many purposes. 
A good alternative is the retract. The subset Q of P with the induced partial 
order is a retract of P iff there is an order-preserving map / from P to Q which 
is the identity on Q. The retract construction is discussed in Rival [33]. 

Chains and antichains figure prominently in the theory of posets. The 
height and width of a poset are two of the most important invariants. 

Sperner antichains are named after E. Sperner. In 1928 he proved that 

the width of the family of subsets of an ra-set is (iSi). This result, known as 

L 2 J 
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Sperner's theorem, is the starting point for the study of the combinatorics of 
sets (Anderson [3]). 

Dilworth's chain decomposition result is the second fundamental result 
mentioned by Rival in [32]; the third is the fixed point theorem for lattices due 
to Knaster [26] and Tarski [43]. 

Posets and order-preserving maps constitute the category of posets. 
Exponentiation (Q ) of posets has many of the properties of exponentiation of 
sets. The operations of exponentiation, cartesian product and disjoint sum can 
be used to define an arithmetic of posets. This is discussed in Jonsson [24]. See 
also Birkhoff [4], pp. 66-69. 

Section 2.5. Lattices are the best studied class of posets. These 
structures are studied from both an algebraic (Crawley and Dilworth [7], 
Gratzer [17]) and a combinatorial (Stanley [41]) perspective. The Fundamental 
Theorem of Distributive Lattices is sometimes used to argue that the study of 
posets essentially reduces to the study of distributive lattices. 

The structure of the lattice of antichains has attracted substantial at- 
tention. For a generalization of Theorem 2.5.2 and some surprising duality 
results, see Greene and Kleitman [18] and Greene [19]. 

The set of bases of a geometric lattice is often called a matroid. Ma- 
troids occur naturally not only as the sets of bases of vector spaces, but also in 
graph theory and the study of matchings in hypergraphs. Matroids and geomet- 
ric lattices are discussed in Crapo [8], Gratzer [17] and Welsh [44]. 

2.6. The expression for the size of trees in Theorem 2.6.1 is usually 
stated as an identity involving the number of leaves and the number of nodes 
for ra-ary trees (see Grimaldi [20]). 

Kleitman's lemma is considerably strengthened by an inequality due to 
Ahlswede and Daykin [1] (see Anderson [3]). 



CHAPTER 3 
FAMILIES OF SETS WITH WIDTH RESTRICTIONS. 

3.1 Definitions 

Let T be a family of subsets of the set X . 

Definition. The center of A C X is given by 

C(A) = {x £ A | if x £ U £ J 7 , then C/CAorACP}. 

Thus C(A) consists of the elements of A not contained in any member of T 
incomparable to A. The family T is centered iff for every U £ J-, C(U) 7^ 0. 

Definition. The family T is locally k-wide iff for every x £ X, the width of 
•^D-fa;} i s a t mos t &. Equivalently, T is locally k-wide iff every antichain A C J 7 
with |.4 1 = k + 1 has empty intersection. 

Since X and the singletons of X are either comparable to or disjoint 
from every subset of X: 

Observation 3.1.1 If T is locally k-wide, then so is the family T' = J r U{X} U 
{{x} | x £ X}. 

Observation 3.1.2 C({a;}) = {x} and C(X) = X. 

Observation 3.1.3 If T is centered, then so is the family T' = T U {X} U 
{{x} | x £ X}. 

Definition. The family T is a pseudotree on X iff T is centered, X £ T and 
for every x £ X , {a;} £ .F. The family JT is a k-pseudotree on X iff .F is a locally 
k-wide pseudotree. 

Since T is locally 1-wide iff for every U,V £ J-, U and V are either 
comparable or disjoint: 

Observation 3.1.4 T is a 1-pseudotree iff J 7 is a tree. 

3.2 The Structure of Centered Families of Sets 

Let Jbea family of subsets of X. Since the center of a set U does not 
intersect any member of T incomparable to U: 

Observation 3.2.1 For every A C X, the family {U £ T\ C(U) = A} is a 
chain. 
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Observation 3.2.2 Let A be an antichain of J- with \A\ > 2. Then the centers 
of the members of A are pairwise disjoint and disjoint from f]A. 

It follows that if T is centered and A is an antichain of T with |«4| > 2 
and f]A 7^ 0, then \{JA\ > & + 1- This gives the following observation: 

Observation 3.2.3 If n > 2 and T is a centered family of subsets of an n-set, 
then T is an (n — l)-pseudotree. 

Theorem 3.2.4 Let U, V G T. IfU CV and UnC(V) ^ 0, then C(U) C C(V). 

Proof. We show that U \ C(V) C U \ C(U). Let x G U \ C(V). Then 
x G V \ C(V), so there is a set VF G T such that x E W and VF is incomparable 
to y. The assumptions on U and W f~l C(T^) = imply that VF is incomparable 
to U . Hence x G" C(U), as required. ■ 

Corollary 3.2.5 The family {C(U) \ U G J 7 } of centers of members of T is a 
forest. 

Proof. Let U, V G T such that C(U) n C(V) ^ 0. Then U and V are 
comparable. By Theorem 3.2.4, C(U) and C(V) are comparable. ■ 

Theorem 3.2.6 If J 7 is a centered family of sets and U G T , then 
W (-^DC(C/)) = w(J c "d C /). 

Proof. Let w = w(J 7 3c(t/)) an( i w ' = w (-^"d(7)- Since ^ 7 3c((7) 5 -^"dc/ 5 {t^}, 
w > w/ > 1. To show that w < w' , let {?7i, . . . , ?/„,} be an antichain of J r z)C(U)- 
Since Ui intersects C(U), the sets Ui and [7 are comparable for each i. If Ui ~2 U 
for each i, then {?7i, . . . , ?/„,} C T^u which implies that w < w'. Suppose that 
for some i, U % C U. Then by Theorem 3.2.4, C(Ui) C C(E/"). Observation 3.2.2 
implies that w = 1 < «/. ■ 

Theorem 3.2.7 Let J 7 be a centered family of arcs of Z n which contains Z n 
and the singletons of Z n . Then T is a 2-pseudotree. 

Proof. Suppose that T has three pairwise incomparable arcs U = [x\,x T ], 
V = [y h y T ] and W = [z h z r ] such that U !~l V (~l W ^ 0. Let x EUnVnW. We 
can assume that in clockwise cyclic order 

x\ < y\ < z\ < x < x T < y T < z T . 

This implies that V C U U W, so the center of V is empty, contradicting the 
assumption that T is centered. ■ 
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3.3 Basic Extremal Results 

Theorem 3.3.1 If T is a centered family of subsets of an n-set, then \T\ < 

(n 2 ' n . This bound is best possible. 

Proof. To show that the bound is attained: 
Example 3.3.2 Let 

T = {[1, i-l]U{j}\l<i<n,i<j<n}, 

so that T consists of the initial segments of [n] with a singleton adjoined. Then T 
is a centered family of subsets of [n] where the center of the member [1, i — l]U{j} 
of T is {j}. The cardinality of T is 2 • 

Proof of the bound. Let 1 < r < n and consider the family [J-] r of r- 
element members of T . Let U G \F\ r - Since the members of [J-] are pairwise 
incomparable, if V G [J~] r and 7 / [/, then C(V) (~l U = 0. This implies that 
l^l + ltHM^II <«, hence 

\n\ <n+l-r. 
The bound is obtained by summing this inequality for r = 1, . . . , n. ■ 

Theorem 3.3.3 If T is a centered family of segments of[n\, then \T\ < 3ra — 3. 
This bound is best possible. 

Proof. To show that the bound is attained: 
Example 3.3.4 Let 

T = {{i} | i G [n]} U {[1, i]\i£ [n]} U {[i, n]\i£ [n]}, 

so that T consists of the singletons of [n] and the segments of [n] containing 
either 1 or n. In any family of segments of [n], 1 G C([l,i]) and n G C([j, n\). 
Thus T is centered. The cardinality of T is 3ra — 3, as desired. 

Proof of the bound. By Observation 3.1.3, we can assume that T contains 
[n] and the singletons of [n]. By cyclic closure, families of segments of [n] can 
be considered as families of arcs. By Theorem 3.2.7, any centered family of 
arcs of Z n which contains Z n and the singletons of Z n is a 2-pseudotree. By 
Theorem 3.4.1 below, 3ra — 3 is the bound on the size of 2-pseudotrees on an 
n-set, so the result follows. ■ 

Theorem 3.3.5 If J 7 is a locally k-wide family of subsets of an n-set X and 
r>2, then\[f] r \ < f. 
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Proof. Every element of X is contained in at most k members of [J-] . Hence, 
kn = k\X\>\[T\\r. U 

From this we can deduce a bound on the maximum size of a locally 
k-wide family of sets. 

Theorem 3.3.6 If J 7 is a locally k-wide family of subsets of an n-set, then 
\F\ < 2 + n + knln(n). 

Proof. For n > 2, 

m = |[n>| + |[m + ---+|[n l | 

kn kn 

— + ■■■ + - + 1 

2 n — 1 

< 2 + n + knln(n — 1). 



< 1 + n 



A bound on the size of locally A;-wide families of sets linear in the size 
of the domain will be obtained in Section 3.8. 

3.4 The Size of A;-pseudotrees 

Theorem 3.4.1 Let n > k > 1. If J 7 is a k-pseudotree on an n-set X, then 

\T\ < (k -\- l)n — - — 2~- This bound is best possible. 

By Observation 3.2.3, if n > 2, a pseudotree on an n-set is an (n— l)-pseudotree. 
Therefore the assumption that n > k does not restrict the generality of the 
theorem. 

Proof. To show that the bound is attained: 
Example 3.4.2 Let 

T = {{i} | i < n} U {[1, i] U {j} \ 1 < i < j < min(i + k, n)} , 

so that T consists of the singletons of [n] and the initial segments of [n] with 
one of the next k singletons adjoined. 

The cardinality of T is n + (n — 1) + . . . + (n — k) = (k + l)ra — - — j^—. 

To see that T is centered, let U G T . If V G T and V contains the 
greatest integer in U, then either V C U or U C V. Therefore j G C(U). 

To show that T is locally A;-wide, suppose that U = {U\, . . ., Uk+i} 
is an antichain of T . For each i, let X{ be the greatest integer in JJ{. Since 
Xi G C(Ui) for each i, the X{ are distinct. Without loss of generality, assume 
that x\ < X2 < . . . < Xk + i. Then Xj~ + i — x\ > k, so if Uk+i ^ {xk+i} then 
Uk+i 5 U\, contrary to assumption. Therefore Uk+i = {xk+i} which implies 
that f]h( = 0, as desired. Note that this argument shows that the family of 
non-singleton members of T has width k. 
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Proof of the bound. By associating some of the sets in T with their centers 
in a one-to-one way, and then associating the remaining sets in T with elements 
of X in a A;-to-one way, we will first establish an upper bound of (k-\-2)n — 1. The 
bound will then be reduced to (k + l)ra — 1 by an analysis of these associations. 
To further reduce this to the bound given in the theorem, a notion of deficiency 
will be defined for arbitrary members of A;-pseudotrees. The deficiency of X will 
be the minimum value of ((k + l)ra — 1) — \J~\. 

Let C be the set of centers of members of T . By Corollary 3.2.5 and 
since T contains X and the singletons of X , C is a tree. By Observation 3.2.1, 
for every C G C, the family {U G T\ C(U) = C} is a chain. Associate the 
minimal member of this chain with C . Since the maximum size of a tree on an 
ra-set is 2ra — 1 (Theorem 2.6.1), this association (which is one-to-one) accounts 
for \C\ < 2ra — 1 members of T . 

Let T' consist of the members of T not associated with their center. 
For every U G T' , we will select an element p(U) G U \ C(U). This will be done 
in such a way that if p(U) = p(V) and U ^ V, then U and V are incomparable. 

Lemma 3.4.3 Let U G T' . Then there is an element x G U \ C(U) such that 
for every W G T with x G W C U, x G C(W). 

Proof. Let V be the maximal member of the chain of sets 

{W G T | W C U and C(W) = C(U)}. 
Let V\ be a maximal member of 

{W G T | W C U and W n (U \ V) ^ 0}. 

Since the singletons of X are in J 7 , such sets exist and V\ is well-defined. If V C 
V\_, then by Theorem 3.2.4, C(V) C C(T / i) C C(U), contradicting maximality of 
V. Therefore V\ and V are incomparable and C(T4) C t/\7. Let Fi D F2 D 
. . . D T^ r be a (strictly) decreasing chain of members of T such that 
(i) V r = {x} for some x G X, 
(ii) Vj+i is a maximal member of 

{VT G ^ I W C Vj and W n C(^) ^ 0}. 

Such a chain exists. To show that x is as desired, let W be a member of T with 
x E W C U . By Theorem 3.2.4, the centers of the Vj form a decreasing chain. 
By the maximality condition on V\, W 7$ V\. Since W intersects the center of 
Vj, W is comparable to Vj for each j. In particular, W C V\. Let j be the 
greatest index such that W C Vj. Since V^ = {a;}, if j = r, then IV = Vj. If 
j < r, then the maximality condition on Vj+i gives W = Vj. Hence x G C(I'V). 

■ 

For each U G T' , let p(U) be an element of U \ C(U) which satisfies 
the conclusion of Lemma 3.4.3. If p(U) = p{V) and U 7^ V, then U and V are 
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incomparable. For every x £ X , define 

s (x)= \{u e J 7 ' \ p(u) = x}\ 

and 

l(x) = w(F 2 {x})- 

Since T is locally £;-wide, s(x) < /(a;) < A;. Therefore \T'\ < fcra. Since 



|^"\^" / | = |C|, 



m = ici + i^i 
= ici + e 



s(x) 
xex 
< (k + 2)n-l. 

Let X' = {x £ X | s(ai) = /(a;)}. 
Lemma 3.4.4 \C\ < 2ra - 1 - |X'|. 

Proof. For x £ X', let C^ be the minimal member of 

{C £ C | a; £ C and for every £/ £ .F' with p(£/) = a;, C(U) C C}. 

Since C(X) = X, such sets exist and C x is well-defined. Let C = {C x \ x £ X'}. 
For C £ C, let r c = |{a; £ X' \ C x = C}\. We will show that if C £ C , then C 
covers at least 2 + re members of C. Since J2ceC' r c = |X'| and by the bound 
on the size of trees in Theorem 2.6.1, it will follow that \C\ < 2n — 1 — \X'\. 

Let x £ X'. Let U = {U\, . . ., Uu x \} be the family of members U of 
T' with p(?7) = x. Let C 8 - be the center of JJ{. Then x ^ C'i and since U is an 
antichain, the C'i are disjoint. Observe that l(x) > 2. Proof: If l(x) = 1, then 
the sets U E J 7 with x E U form a chain. This implies that if a; £ [7 £ J 7 , then 
a; £ C(?7) so that x ^ p(U). Hence s(x) = 0, contradicting s(x) = l(x). 

Lemma 3.4.4.1 If C £ C contains x and C f~l C'i ^ /or some i, then C ~2 C' x . 

Proof. Without loss of generality, assume that C intersects C\. Let IF be a 
set in T with center C . Since x £ C, the [/,- are comparable to W. Since IF 
intersects Ci and by Theorem 3.2.4, if W C [7i, then C C C\ which contradicts 
x £ C . Therefore If D Ci. For i > 2, [/",- and [7i are incomparable, so W D f/^ 
for each i. Since a; £ [/",- f~l C, we have C 8 - C C for each i. By minimality of C' x it 
follows that C' x C C, as required. ■ 

Lemma 3.4.4.2 If C £ C and C ~2 C'i for each i, then C ~2 C' x . 
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Proof. It suffices to show that x £ C . Let W be a member of T with center 
C. Since the C'i are disjoint, C D C; and therefore W D [/,- for each i. Suppose 
that x £" C . Let F be a set in T incomparable to W such that x E V . Since C 
and V are disjoint, F and Ui are incomparable for each i. It follows that {T^JUZY 
is an antichain with x £ Pl({^} UZY), contradicting /(a;) = |ZY|. ■ 

Lemma 3.4.4.3 Suppose that y E X' with y ^ x and C y = C' x . If C is a 
member of C with x £ C and y £ C , then C ~D C' x . 

Proof. Let V = {V\, . . . , Vu y \} be the family of members V of T such that 
p(V) = y. Let If be a member of T with center C . 

Suppose that y £" Ui for some i. Then W % Ui. Since Ui intersects C, 
we have Ui C W and C'i C C, so that by Lemma 3.4.4.1, C ~D C x . By symmetry, 
if x £" Vi for some i, then C ~D C y = C x . 

Suppose that y £ f)L( and a; £ p|V. Since l(y) is the maximum size 
of an antichain of J-^>f y \, U\ is comparable to at least one of the Vi. We can 
assume that U\ is comparable to V\. If U\<ZV\, then by the property expressed 
in Lemma 3.4.3, y £ C\, so that C intersects C\ and by Lemma 3.4.4.1, C ~D C x . 
The case V\ C U\ is symmetric. This completes the proof. ■ 

Let C £ C and let {x\, . . . , x r } be the set of elements x £ X' such 
that C x = C (so that r = re). Suppose that C covers C" in C. Then C" 
contains at most one of the X{ (Lemma 3.4.4.3). If X{ £ C", then C" does not 
include the center of any set U with p{U) = Xi (Lemma 3.4.4.1). Consider x\. 
If ZY = {U\, . . ., Uu Xl \} is the family of U £ T with p(?7) = xi, then there is an 
i such that C" does not include C (£/,-) (Lemma 3.4.4.2). Since C(?7 8 ) C C for 
each i and /(a;i) > 2, this implies that C covers at least r + 2 members of C, as 
required. ■ 

Lemma 3.4.4 yields 

m = ici + $>(*) 

< 2n- 1- |X'| + ^ s(a;). 

For x £ X', s(ai) = l(x) and for a; £ X \ X', s(x) < l(x) — 1. This gives 
1^1 < 2n-l+ ^(/(a;)-l) 

= n- 1 + ^2 K x ) 

xex 

= (k+l)n-l- ^2(k-l(x)). 

xex 
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Let d(x) = k — l(x). Then 

\F\ < (k+ l)n- 1- J2 d ( x )- 
xex 

The number d(x) is called the deficiency (in T) of x. For U E J 7 , the deficiency 
(in J 7 ) of [7 is defined by 

d(E/") = y, d ( x )- 
xec(u) 

Let d(ra, /) be the minimum value of the deficiency in Q of U for arbi- 
trary £;-pseudotrees Q and members U of Q such that / = w(Q^jj) and to is the 
cardinality of the center (in Q) of U . Define 



min(m — l,k — I) 

b(m,l)= J2 (k + l-l 



i ■ 



Lemma 3.4.5 d(m, /) + 1 > b(m, I). 



k(k+i) 



In particular, this shows that d(n, 1) > -^ — - — 1. Since d(n, 1) is the deficiency 
of X (the center of which is X), we obtain |.F| < (k + l)ra — 1 — d(ra, 1) < 
(k + l)ra ^2 — -, thus completing the proof of the theorem. 

Proof. If / = k, then the lemma asserts that d(m, k) + 1 > (k + 1 — k) = 1. 
Since d(x) > for each x, the inequality d(m, k) + 1 > b(m, k) holds. 

Suppose that I < k. The remainder of the proof proceeds by induction 
on to. Let U be a set in the A;-pseudotree Q with center C such that w(tofy) = / 
and \C\ = to. We compute /(a;), s(x), d(a;) and C(V) relative to Q. Let C be 
the tree of centers of members of Q . 

Let m = 1. Then C = {a;} for some element a; and d(£7) = d(x) = 
k — l(x). To show that d(U) > k — I, observe that by Theorem 3.2.6, l{x) = I. 

Let m > 1. Since by Theorem 3.2.6, the width of Q^v depends only on 
C(V), we can assume that U is minimal among the sets V of Q with C(V) = C . 

Let U consist of the sets V of Q such that for some C" G C covered by 
C, V is the maximal member of the chain {W G Q \ C(W) = C"}. Since \C\ > 2 
and the singletons are in C, C covers at least two members of C. Therefore 
\U\ > 2. If C covers C" in C and C" is the center of V G G, then F C U. This 
implies that every member of U is included in U. 

We show that U has at least two maximal members. Let U\ be maximal 
in U. Let x G C\C(?7i). Let F be maximal among the members W of Q such 
that W is incomparable to [7i and x G W. Since V is disjoint from C(?7i) C C 
but intersects C, it follows that V C U and C(V) C C . Let C" be the member 
of C which contains C(V) and is covered by C. Let TJi be the member of U with 
center C" . Then P2 3 7 so that U2 2 ^i- Since U\ is maximal in ZY, U2 and 
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U\ are incomparable. By the maximality condition on V, U2 = V and U2 is 
maximal in U, as desired. 

Write U = {U\ , U2, ■ ■ ■ , Ut} where Ui is maximal in Ui = {Ui, . . ., Ut} for 
each i, and U\ and U2 are maximal in U. Let c 8 - = |C(£/j-)|. Let S{ = c\ + . . . + c 8 -. 
Note that s t = m. Let r be the least index i such that s 8 - > k or i = i. 

Lemma 3.4.5.1 For 2 < i < r, w(Q^,jj t ) < max(s 8 _i, /). For i = 1,2, 

Proof. Let w = w((ofy 8 ). Let V = {V\, . . . ,V W } be an antichain of Q^\j t - 
Since Vj intersects C, Vj is comparable to U for each j. Suppose that for some 
j, Vj ~D U. Then V C Q^jj and therefore w < I. Suppose that Vj C U for each 
j. Then C(Vj) C C for each j. Hence for every j there is a £/fc(j) such that 
Vj C Uuj\ and C(Vj) C C(C^(j)). We have [/,- C Vj for each j, so by maximality 
of U\ and [^ in U, if i = 1 or i = 2, then w = 1. Suppose that i > 2. Since [/,- 
is maximal in ZY,-, either iu = 1 or the Vj are not included in any member of U{. 
If w = 1 we are done. If w > 1, then A;(j) < i for each j. This implies that 

w w i — 1 

U C(^) c U C(U k{j) ) c U C(^). 
j=i j=i j=i 

Since Uj=i C(£/j) = s 8 -i and the centers of the Vj are disjoint, w < s 8 _i, as 
required. ■ 

Since 

d(U) = d(U Y ) + . . . + d(U t ) 

> d(c 1 ,w(gj Ul )) + ■■■ + d(c r ,w(Gj Ur )) 

and Ci < m for each i, we can apply the induction hypothesis to bound d(U) 
from below. For 3 < i < r, let /,- = max(s 8 _i, /). For i = 1 and i = 2, let 
/,- = /. Let r 8 - = min(c 8 - — l,k — U). By Lemma 3.4.5.1, w(Q^,jj t ) < /,-. Since the 
inductively obtained lower bound 6(c 8 , /') for rf(c 8 ,/') + 1 is decreasing in /', it 
follows that 

d(U) + r > 6(ci,/i) + 6(c 2 ,/ 2 ) + ... + 6(c r ,/ r ) 



(k+l-h) + E? =1 (k+ l-/i-i) 

+ i + (fc-z 2 ) + EEi(^ + 1-/2-O 

+ l + (&-Z r ) + E[=i(^ + l"/r-0- 
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Since the sum of the leading l's is r — 1, 

d(U) + l > (k + l-h) + Z?=i(k + 1 - h - i) 
+ (k-h) + E?=i(k + l-/ 2 -0 

+ (k-l r ) + Z r i r =i(k + l-l r -i). 
By using l x = l 2 = I and reducing some of the terms, we obtain 

d(U) + l > (k + l-l) + (k + l-l 1 -l) + ... + (k + l-l-r 1 ) 
+ (k-l) + (k-l-l)+... + (k-l-r 2 ) 

+ (k-l r ) + (k - l r - 1)+ ... + (k - l r - r r ). 

Let q 2 = min(ri + r 2 + l,k — I) and for i > 3, let qi = r{. We have 
(h + 1 — / — 7*1 ) < (h — I) + 1, so that we can combine the first two lines of the 
above inequality to obtain 

d(U) + l > 

(2) (k + 1 - /) + (k + 1 - / - 1) + . . . + (k + 1 - / - q 2 ) 

(3) + (k - l 3 ) + (k - h ~ 1) + • • • + (* - h ~ qz) 

(r) + (k - l r ) + (k - l r - 1) + . . . + (k - l r - q r ). 

Note that each line is a sum of successive non-negative integers. Let T 8J - be the 
(j + l)'th term of line (i), and let T be the sum of the T 8 j. To complete the 
proof, we show that T > b(m, I). 

If q 2 = k — I or qi = m — 1, then 

g 2 min(m — 1,A; — /) 

T>J2 T 2,j> E (k+l-l-j) = b(m,l). 

3=0 3=0 

Suppose that neither q 2 = k — I nor q 2 = m — 1. Then 

(i) n = ci - 1 < k — /, 

(ii) r 2 = c 2 - 1 < k - I, 

(iii) q 2 = ci + c 2 - 1 = s 2 - 1, 

(iv) s 2 < TO, 

(v) s 2 < k - 1+ 1 < k. 

Inequalities (iv) and (v) imply that r > 3. Let r' be the least index i such that 
qi = k — li or i = r. By (i) and (ii), r' > 3. Let 2 < i < r' . We show that 
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Ti, qi < T l+lfi + 1. If i = 2, we have 

T 2 , qi = (k + l-l)-q 2 

= k-(l + s 2 -l)+l 

< k — max(s2, /) + 1 

= k-l 3 +l 

= r 3 , + i. 

Suppose that i > 2. Since g 8 - = r 8 - ^ k — /,-, we have g 8 - = c 8 - — 1. Using 
/i+i = max(s 8 -, /) < inax(s,_i, /) + c 8 - = /,- + c 8 -, we obtain 









8 ! 


= k - U - (^ - 1) 
= k - (/,- + Ci ) + 1 
< k - / t - +1 + 1 

= ^'+1,0 + 1- 


Observe 


that 




r-'-l 










E(* + 1 ) = S r'-1- 

8 = 2 


: r /_l 


+ (5 


?r' + 1). 


We 


can now bound 






T 


> 
> 


r g t 

EE^- 

1 = 2 j=0 

r' g, 

EE^- 

1=2 3=0 
min(g — l,k — I) 

E (k+l-l-j 

3 =0 



It remains to show that min(g — l,k — I) > min(m — 1, k — I). Either q r i = k — l r i 
or r' = r and q r i = q r = c r — 1. Suppose that q r i = k — l r i. Then either l r i = I 
or l r > = s r i_\. If l r > = /, then q — 1 > g r / = k — I and the result follows. If 
/ r ; = s r /_i, then q = s r t_i + (k — s r i_\ + 1) = k + 1 and we are done. Suppose 
that r' = r and g r / = c r — 1. Then g = s r . By definition of r, s r > min(ra, k). 
This gives min(g — l,k — I) > min(m — 1, A; — /), as desired. ■ 

The proof of the theorem is complete. ■ 

3.5 Intersecting Antichains of Arcs 

Theorem 3.5.1 If A is an antichain of arcs of Z n such that \A\ = k and 

f] A 7^ 0, then every A £ A has at least k elements. 
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Proof. Suppose that A = {A}. Then f]A 7^ implies that A contains at 
least one element. Suppose that |.4| > 2. Let A £ A and x £ f]A. Then 
A ^ Z n , so that A = [a\,a T ] for some a\,a T £ Z n . By rotation we can assume 
that a\ = < x < a r . If B E A and B ^ A, then _B has either a left endpoint 
61 with a\ < 61 < x or a right endpoint 6 r with a; < 6 r < a T , but not both. Since 
A is an antichain, no two members of A have the same left or the same right 
endpoints. Therefore 

\[a h x] \ {«i}| + \[x,a r ] \ {a r }\ > k - 1, 

which implies that \A\ > k. ■ 

Corollary 3.5.2 If J 7 is a maximal locally k-wide family of arcs, then T con- 
tains the i-element arcs for < i < k. 

3.6 The Size of Locally &-wide Families of Arcs and Segments 
Theorem 3.6.1 If n > 1 and T is a locally k-wide family of arcs of Z n , then 
\F\ <2kn-k + l. 

Let A(k,n) be the maximum cardinality of a locally A;-wide family of 
arcs of Z n . 

The bound on the size of locally A;-wide families of arcs is not optimal. 
Since for n < k + 1, the family of arcs of Z n is locally A;-wide, we have A(k, k) = 
k(k - 1) + 2 and A(k, k + 1) = (k + l)k + 2. For n = k + 2 there are at most 
k many (k + l)-element arcs in J 7 , so that A(k, k + 2) = k(k + 2) + k + 2. This 
shows that A(k, n) = Ikn — k 2 + k + 2 for n = k, k + 1, k + 2. It is conjectured 
that A(&, n) = 2kn - k 2 - k + 2 for all n > k. 

Example 3.6.2 Let 

F = {[hi] I %J\\ <koiO<i<k-l}\J {Z n }. 

so that T consists of the i-element arcs for i < k, Z n and the arcs with left 
endpoint j, where < j < k — 1. 

By Theorem 3.5.1 and its corollary, to show that T is locally A;-wide 
it suffices to consider the family [^ r ] > ^, of i-element arcs in T with i > k + 1. 
Since [^ r ] > ^, is included in the disjoint union of the k chains {[i,j] \j £ Z n } for 
< i < k — 1, w([.F] >fc ) < k, which implies that [^ 7 ] >fc is locally A;-wide, as 
required. 

The number of i-element arcs of Z n with i < k is 1 + kn (including the 
empty arc). There are n — k — 1 many j -element arcs with left endpoint i and 
k < j < n. Therefore 

\F\ = 1 + kn + k(n - k - 1) + 1 = 2kn - k 2 - k + 2. 
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Proof of Theorem 3.6.1. Let T be a locally £;-wide family of arcs of Z n . 
To prove the bound, we can assume that T contains 0, Z n and the singletons of 
Z n . For k = 1, J-\ {0} is a tree, so by Theorem 2.6.1 \J-\ < In and the bound 
follows. 

Let k > 2. We assume that the bound holds for locally (k — l)-wide 
families of sets. We will reconstruct T from a (k — l)-wide family of arcs and a 
tree derived from T . 

In this proof, ordering relations involving more than two terms are 
assumed to be in clockwise cyclic order. 

Recall that if A = [a\, a r ] and B = [b\, b r ] are incomparable arcs and 
a r G B, then the left overlap of A with B is the arc [b\, a r ]. For every arc U G J-, 
let L(U) be an arc in T which is incomparable to U and has maximal left overlap 
with U . If there is no such arc, let L(U) = 0. Let U be the left overlap of L(U) 
with U. Let 7= {U\U G T}. Let T Y = {U \U\ U G T}. Note that if U G T is 
non-empty, then U \ U is non-empty. 

Lemma 3.6.3 T Y is a locally 1-wide family of arcs. 

Proof. Let U,V E J 7 and suppose that U \ U intersects V \ V. We show 
that U \U and V \ V are comparable. Since Z n \ Z n = Z n and = 0, we can 
assume that U = [u\, u r ] and V = [v\,v r ] for some u\,u r ,v\,v r G Z n . The right 
endpoints of U \ U and V \ V are u r and v r respectively. By interchanging U 
and V if necessary, we can assume that u r G V \ V. If u r = v r , the U \U and 

V \ V are comparable and we are done. Suppose that u r ^ v r . If U and V are 
incomparable, then U overlaps V from the left and the left overlap of U with V 
strictly includes V, contradicting the definition of V. Therefore U C V . This 
implies that L(V) overlaps U from the left. Since the left overlap of L(V) with 
U is included in U, it follows that U \ U C V \ V, as desired. ■ 

Lemma 3.6.4 T is a locally (k — l)-wide family of arcs. 

Proof. Let U = {U\, . . ., U{\ be an antichain of T with [\U ^ 0. Let x G 
f]U. Then x G U % n L(U,) for each i. Let U % = {U 1 ,...,U i } and L(Ui) = 
{L(Ui), . . .,L(Ui)}. To show that / < k — 1, we will construct an antichain 

V C Ui U i(ZY;) such that |V| = / + 1. Since ZY, U L(Ui) C J^ and J^ is locally 
A;-wide, we can then deduce that / + 1 < k as required. 

For 1 < i < /, let [m 8 i, M 8r ] = Ui and [f 8 i, f 8r ] = L(Ui). Then [/,- = 
[M 8 i,f 8r ]. Since the Ui are pairwise incomparable, un ^ Uj\ and f 8r 7^ fj r for 
i zjz j. By reordering we can assume that 

un < u 2 \ < . . . < ua < x. 

This implies that 

X < V lr < V 2r < ■ ■ ■ < V{ T . 
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We also have 

va < ua < x < v iv < u lv 

for each i. 

We collect some facts about the relationships between the Ui and the 

L(Ui): 

(i) For i < j, L(Ui) overlaps Uj from the left (since va < ua < Uj\ < x < 

V iv < V Jr < Uj T ). 

(ii) For i < j, Ui <£. Uj (since ua < Uj\ < x). 

(iii) For i < j, L(Ui) ~£ L(Uj) (since x < va < Vj T ). 

For i = 1, 2, . . . , / we recursively construct antichains V; C Ui U L(Ui) 
such that |V 8 | = i + 1 and Ui G V; (V;+i need not include V;). 

Let Vi = {L(Ui),Ui}. Assume that i > 2 and the antichain V 8 _i has 
been constructed. By fact (ii), either Ui-\ and Ui are incomparable or Ui-\ D Ui. 
We consider these cases in turn. 

Suppose that Ui-\ and Ui are incomparable. Let Vi = V 8 _i U {Ui}. To 
see that V; is an antichain, first note that by fact (i), Ui is incomparable to each 
L(Uj) G Vi-\. To show that Ui is incomparable to each Uj G V 8 _i, suppose that 
j < i — 1 and Uj G V 8 _i. Since ?7 8 _i G V 8 _i, £/j and ?7 8 _i are incomparable. Since 
Uj\ < W( 8 _i)i < un, incomparability of Ui-\ and Ui implies that x < ur i _ 1 \ T < M 8r 
and incomparability of Uj and ?7 8 _i implies that x < Mj r < ti(j-_i) r . Therefore 

Mji < Mj'i < a; < Mj r < Ui T , 

so that [/,- is incomparable to Uj as required. 
Suppose that Ui-\ D £/«•. Then 

M( 8 _l)l < M 8 'l < X < V„ < U„ < W(i_i) r . 

Let V = V,-_i \ {^-i} and V t = V U {C7,-, £(#,■)}. To show that £/ 8 and L(Ui) 
are incomparable to the members of V', we first show that 

(*) ^(i-i)i < va < un < x. 

To that end, assume that W( 8 _i)i — 1 mod(ra) G L(Ui). Then L(Ui) is incom- 
parable to Ui-\ and has left overlap [w(i_i)i, t> 8 - r ] with Ui-\. Since ?7 8 _i = 
[w(i-i)b^(i-i) r ] C [m( 8 _i)i, f 8r ], this contradicts the maximality condition in the 
definition of Ui-\. Hence W( 8 _i)i — 1 mod(ra) G" L(Ui), and (*) follows. 

Using (*) and the other known relationships between the endpoints, for 
j < i — 1 we obtain 

v 3 i < uj\ < w(,-_i)i < va < ua < x < v jr < v iv < u iv < W(;_i) r . 

This implies that Ui and L(Ui) are incomparable to L(Uj). 
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If Uj £ V, then Uj and Ui-\ are incomparable, so that Uj overlaps 
Ui-i from the left. By the maximality condition in the definition of Ui-i, Uj r < 
V(i_i) r < W(i_i) r - Therefore, using (*), 

Uj\ < W(i_i)l < V{[ < U{[ < X < M Jr < V(i_!) r < v„ < M 8r , 

which implies that U{ and L(Ui) are incomparable to [/j as required. 

This completes the construction of the antichains V;. I 

We construct a surjective map <7 from the disjoint union of .F r and 
T \ {0} onto T . For A £ .F r , let cr(A) be the minimal member of the chain of 
arcs U £ T with U \ U = A. For A £ .F \ {0}, let ct(A) be the minimal member 
of the chain of arcs with U = A. (Note that the arcs of Z n with left (right) 
endpoint i form a chain for each i £ Z n .) 

To show that a is onto, let U £ T . If U = 0, ?7 is the smallest arc 
with U \U = U £ T r , whence a(U \U) = U. Suppose that U ^ and 
a(U) 7^ U. Then U ^ Z n so U = [u\,u T ] for some u\,u T £ Z n and there is an 
arc V = [vi, v r ] £ T such that V = U and V C U. We have V \ V ^ and 
U\U ^®. Let IF = [wi, w r ] be an arc in T with W\W = U\U. Suppose that 
IF C U and let x be the left endpoint of U \ U . Then 

U\ = V 1 < W\ < X < V r < u r = w r . 

Thus V overlaps IF from the left so that by definition of IF, v T £ IF. However, 
V = U implies that v T £ U\U, contradicting the assumption that U\U = W\W. 
It follows that IF 3 U, so that U is minimal among the arcs W £ T with 
W \ W = U \ U and thus a(U \U) = U<is required. _ 

Lemma 3.6.3 implies that \J r r \ < 2n. Since £ J 7 , Lemma 3.6.4 implies 
that \T\{Q}\<A(k-l,n)-l. Therefore 

\^\ < |^r| + |F\{0}| 

< 2n + A(k-l,n)-l, 
so that by arbitrariness of J 7 , 

A(k, n) < 2ra - 1 + A(k - 1, n). 
Iterating this recursive inequality and using the fact that A(l,ra) = 2ra, we get 

A(k,n) < 2kn- k + 1, 
as required. ■ 

Theorem 3.6.5 If n > 2k and T is a locally k-wide family of segments of [n], 
then J 7 < 2kn — 2k 2 + k + 1. This bound is best possible. 
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This result follows from the next theorem, which removes the restriction 
on n. Let S(k,n) be the maximum cardinality of a locally A;-wide family of 
segments of [n]. 

Theorem 3.6.6 The function S(k,n) satisfies the recursive equations 

S(fc,0) = 1, 
S(0,n) = 1, 

S(ifc,l) = 2 fork>l, 

S(k,n) = 2n-l + S(k-l,n-2) for k > 1 and n > 2. 

To see that this generalizes the bound of 2kn — Ik 2 + k + 1 for n > Ik 
asserted in Theorem 3.6.5, let S'(k,n) = 2kn — 2k 2 + k + 1. We show that the 
function S' solves the recursive equations in the statement of Theorem 3.6.6 for 
2k < n. Note that if 2k < n, then 2(k — 1) < (n — 2). Compute S'(k,n) as 
follows: 

S'(k,n) = 2kn-2k 2 + k + l 

= 2n-l + 2(k- l)(n - 2) - 2(k - l) 2 + (k - 1) + 1 
= 2n-l + S'(k-l,n-2). 

The only relevant boundary condition is S(0,n) = 1 and since S'(0,n) = 1, this 
is satisfied. 

Proof of Theorem 3.6.6. The bound is attained by the following example: 
Example 3.6.7 Let 

n k , n = {[i,j] C [n] | j < i + k - 1} U {[i,j] C [n] | 1 < i < k}. 

By cyclic closure, 7ik, n 1S equivalent to the family of arcs of Z n in Example 3.6.2 
excluding the arcs A with A/ Z n , OG A and n — 1 G A. In particular, TCk,n is 
locally A;-wide. 

To show that |"Hfc,n| = S(k,n), observe that |"Hfc,o| = |^o,n| = 1, 
\Hk,i\ = 2 (for k > 1) and \H ljn \ = 2n. Let k > 2 and n > 1. Let £ be the 
disjoint union oifii tn and TCk-i, n -2 \ {0}- Define <7 : "Hfc,™ -^ Q by 

rr - n f [hi] G Wi, n if [i,j] = 0, i = j or i = 1, 

U,JJJ \ [i-l,i-2]6W H n-2\ffi otherwise. 

Then u is a bijection. It follows that 

\Hk,n\ = |^l,n| + |^fc-l,n-2| - 1 

= 2n-l+|W fc _i,„_ 2 |. 

This shows that the function S' defined by S'(k,n) = iTCi^nl satisfies the recur- 
sive identities of the theorem, so that |"Hfc,n| = S(k,n) as required. 
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Proof of the bound. Let T be a maximal locally £;-wide family of segments 
of [ra]. If k = or n = 0, then T = {0}. If n = 1 and k > 1, then T = {0, {1}}, 
so the boundary conditions on the function S are satisfied. If k = 1 and n > 2, 
T \ {0} is a tree, so that \T\ < 2ra. Since 5(1, ra) = 2ra - 1 + 5(0, n - 2) = 2ra, it 
remains to consider the case k > 2 and ra > 1. We assume that the bound holds 
for locally (k — l)-wide families of segments. 

By considering T as a family of arcs on the cyclic closure of [ra], we 
can apply the reduction of the proof of Theorem 3.6.1 to T . That is, we obtain 
a locally 1-wide family T T and a locally (k — l)-wide family T such that there 
is a surjective map from the disjoint union of T T and T \ {0} to T . The fact 
that T consists of segments implies that both T Y and T consist of segments. 
Furthermore (using notation from the proof of Theorem 3.6.1), if U is a segment 
containing ra, no segment which overlaps U from the left contains ra, hence U 
does not contain n. If U is a segment containing 1, no segment overlaps U from 
the left, so U is empty. This implies that T consists entirely of segments included 
in [2,ra— 1]. Therefore 

\t\ < |.f r | + |:n{0}| 

< 2n + S(k-l,n-2)-l. 
By arbitrariness of J 7 , 

S(k, n) < 2ra - 1 + S(k - 1, n - 2) 
as required. ■ 

3.7 Maximal r-antichains and Sperner Closure 

The results in this section are used in Section 3.8 to obtain a bound on 
the size of locally A;-wide families of sets. 

Let P be a poset. Let A be the family of antichains of P. We consider 
A ordered by A < B iff [A) D [B) (the filter order). Thus A is a (distributive) 
lattice where A A B consists of the minimal elements of A U B. If B C A, then 
the antichain A £ B is maximal in B iff for every B £ B, A yt B. Note that this 
notion of maximality is different from the one induced by the inclusion order on 
A. 

Definition. The antichain A is a maximal r-antichain of P iff A is maximal 
among the r-element antichains of P. A maximal ^-antichain is a maximal 
r-antichain for some r. Let C-\{P) be the family of maximal *-antichains of P. 

If A is an antichain, then A is the minimal antichain of the filter gen- 
erated by A. Therefore: 

Observation 3.7.1 A is a maximal r-antichain iff for every antichain B C [A) 
with B ^ A, \B\ <r-l. 
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Suppose that A and B are antichains and B C [A). Then (A \ (B]) U B 
is an antichain. We have 

\(A\(B])UB\ = \A\-\An(B}\ + \B\. 

Thus \(A\(B])UB\ < \A\ iff |An(5]| > \B\. This implies: 

Observation 3.7.2 A is a maximal ^-antichain iff for every antichain B C [A) 
with B <£A, \A<T\(B]\ > \B\. 

Theorem 3.7.3 If A and B are maximal *-antichains, then AAB is a maximal 
* -antichain. 

This theorem implies that C_i is a subsemilattice of A. 

Proof. Let A and B be maximal *-antichains and define 

A, = A\((B]U[B)), B, = B\((A]U[A)), 

A 2 = An((B]\B), B 2 = Bn((A]\A), 

A 3 = An([B)\B), B 3 = Bn([A)\A). 

Then {An B , A 1 , A 2 , A 3 , B 1 , B 2 , B 3 } partitions AU B and 

A = (An5)UiiUA 2 UA 3 , 

B = (AnB)UB 1 UB 2 UB 3 , 

AAB = (i n 5) U Aj U i 2 U 5j U 5 2 . 

To show that A A B is a maximal *-antichain, suppose that D is an 
antichain of [A A B). Let m 1 = |((Al~l B) U A x UA 2 ) n (D]\, m 2 = |A 3 n (D]\, 
m = \D Pi [A) I and n 2 = l-D \ [A)|. Since mi + ra 2 is the number of elements of 
A below the antichain D f~l [A), Observation 3.7.2 implies that 

m 1 + m 2 = ^ if Dn[A) C A, 
mi + m 2 > n\ otherwise. 

Let m 3 = \{B 1 U B 2 ) f] (D]\ = \(A A B) n (D]\ - m 1 . Since (5iU5 2 )n 
(D] contains the elements of B below the antichain (D \ [A)) U (A 3 (~l (D]), 
Observation 3.7.2 implies that 

m 3 > n 2 + m 2 if (D \[A)) U (A 3 D (D}) C B, 
m 3 > n 2 + ^2 otherwise. 

If .D !~l [A) £ A or (D \ [A)) U (A 3 n (£>]) £ B, then we can combine the 
inequalities above to obtain 

\(A A B) n (D]| = m x + m 3 > ra x + ra 2 = |D|. 



37 



Suppose that Df][A) C A and (D \ [A)) U (A 3 n (£>]) C 5. Then BCiUB. 
Since P 3 C [A) \ A, D n ,83 = 0. Since A 3 n B = 0, £> n A 3 = 0. Therefore 
DC(in5)uAiUA 2 U5 1 U5 2 = iA5. 

By arbitrariness of D and Observation 3.7.2, A A B is a maximal *- 
antichain. ■ 

If A and B are incomparable antichains, then A A B is strictly below 
both A and B. Therefore, Observation 3.7.1 implies: 

Corollary 3.7.4 If A is a maximal r-antichain and B is a maximal r' -antichain 
where A and B are incomparable, then AAB is a maximal q-antichain for some 
q > max(r, r'). 

Since the Sperner antichains of P are the w(P)-element antichains of 
P, the (unique) maximal Sperner antichain of P is the least member of C-\. 

Corollary 3.7.5 If A is the maximal Sperner antichain of P, and B is a max- 
imal ^-antichain of P, then A < B. 

Definition. Let d be the family of antichains A £ A such that if B is an 
antichain of [A) and B <£ A, then \B\ < \A\ + i. For i = —1, this agrees with 
the definition of C-\. If i > 0, the condition B <£ A in the definition of d is 
unnecessary. Note that for i < j, d C Cj. 

The next observation generalizes Observation 3.7.2. 

Observation 3.7.6 The antichain A is in d iff for every antichain B C [A) 
with B %A, \An(B]\ + i > \B\. 

The proof of Theorem 3.7.3 can be adapted to show the following result: 

Theorem 3.7.7 If A £ C t , B £ Cj and i,j > 0, then AABE C t+J . If i < or 
j < 0, then AAB<E C max(i j). 

This implies that Co is also a meet-subsemilattice of A. 

Proof. Suppose that i,j > 0. If we follow the proof of Theorem 3.7.3, using 
the same notation and applying Observation 3.7.6 instead of Observation 3.7.2, 
then (*) is replaced by 

(*)' mi + m 2 + i > n i, 

and (**) is replaced by 

(**)' m 3 + j > n 2 + m 2 . 

The conclusion is 

\(AAB)n(D]\ =m 1 +m 3 + i + j>n 1 +n 2 = \D\, 
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which proves the result for i,j > 0. 

If i < and j > 0, then A £ Co, soiA5 £ Co+j = C max ( 8J ) as required. 

Suppose that i < and j < 0. Then (*)' holds if Dn[A) <£ A and (**)' 
holds if (D \ [A)) U (A 3 n {D]) % P. Therefore, as in the proof of Theorem 3.7.3, 

| (A A P) n (D]\ = mi +m 3 + max(i,j) > n x + n 2 = \D\, 

unless D C A A B, as required. ■ 

Theorem 3.7.8 Let w = w(P). T/ien |lJC_i| < ^^ — -. This bound is best 
possible. 

Proof. The bound is attained by the following partial order: 

Example 3.7.9 Let P be the union of w disjoint antichains A\,A2,...,A W 

where A{ consists of w — i + 1 elements. Let x < y iff x £ A{ and y £ Aj for 



i 



< j. Then \P\ = ^| — ' and for each i, A(i) is the only maximal (w — i + 1)- 



antichain of P. Figure 3.1 shows P for w = 3. 




Figure 3.1 

Proof of the bound. If A is a maximal r-antichain of P, then A is a maximal 
r-antichain of every subposet of P which includes A. Hence we can assume that 
P = UC-i and bound |P|. 

For every x £ P, let C(x) = {A £ C_i | a; £ A}. By assumption, 
C(x) ^ 0. If A,P £ CO), then a; £ A A P and by Theorem 3.7.3, A AB £ C_ x , 
which implies that A A P £ C(ai). Thus C(s) is closed under meets. Let A(x) be 
the minimal member of C(x). Then A(x) is the maximum cardinality antichain 
in C(x). 

Lemma 3.7.10 If x g [A(y)), then \A(x)\ > \A(y)\. 
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Proof. Suppose that x £" [A(y) )■ Then x £ (A(y) A A(x) ) \ A(y), which 
implies that A(y) A A(x) < A(y). Minimality of A(x) in C{x) and A(y) A A(x) £ 
C{x) imply that A(x) = A(y) A A(x). Hence A(x) < A(y) and the result follows. 

■ 

For 1 < r < w, let JV(r) = {x £ P | |A(a;)| = r}. The lemma implies 
that for x,y £ N(r), x yt y. Hence N(r) is an antichain. Let x £ N(r). By 
the lemma, if y £ N(r), then y £ [A(x)), so that JV(r) > A(x). Since A(x) is a 
maximal r-antichain, we have |iV(r)| < |^4(a;)| = r. Using P = U^=i ^( r )? we 
obtain 

\P\ < \N(l)\ + \N(2)\ + ...+ \N(w)\ 

< 1 + 2 + ... + w 
w(w + 1) 



as required. ■ 

Theorem 3.7.11 Let Ai, A2, . . . , A\ be a sequence of pairwise incomparable r- 
element antichains of a poset P of width w. Suppose that for every i < j , Aj is 
a maximal r-antichain of Ai U Aj (with the induced order). Then 



l< 



The bound is attained by the sequence (in any order) of all r-subsets 
of the discrete w-element poset. 

Proof. Using Dilworth's Theorem 2.4.2, let P = C\ U C 2 U . . . U C w be a 
decomposition of P into disjoint chains. For every antichain A of P, let c(A) = 
{Ci I Ci n A ^ 0}. Then \c(A)\ = \A\ = r. It remains to show that for i ^ j, 
c(Ai) ^ c(Aj), as this implies that / is at most the number of r-element subsets 
of a w-set. 

Suppose that for some i < j, c(A t -) = c(Aj). Then Ai U Aj has width 
r, so Ai and Aj are Sperner antichains of Ai U Aj. By Theorem 2.5.2, Ai V Aj 
is a Sperner antichain of Ai U Aj. Since Aj is a maximal r-antichain of Ai U Aj, 
Ai V Aj = Aj, so that A 8 - < Aj, contradicting the incomparability assumption. 



Corollary 3.7.12 If P is a poset of width w, then P has at most ( w ) maximal 
r-antichains. 

Let T be a family of sets ordered by inclusion. 
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Definition. If A C {J T and A is the maximal Sperner antichain of T^At then 
the (Sperner) closure in T of A is the set SCj^(A) = f]A. If J- 3 a = 5 let 
SQ T {A) = \}T. Define 

SC(^) = {SC^(A)|ACU^}, 
SC r (^) = {SC^(A) | w(^) = r}. 

The uniqueness of maximal Sperner antichains implies that SCjf is a 
well-defined operation on the subsets of [J J 7 . 

Observation 3.7.13 For A C {JJ 7 , SQf(A) 5 A and SQf(SQf(A)) = 
SC^-(A). 

Since T^a is a filter of J 7 , we have: 

Observation 3.7.14 If A C {J J 7 and A is the maximal Sperner antichain of 
3~3A, then A is a maximal ^-antichain of J 7 . 

Theorem 3.7.15 For AC B C{JT, SCyr(A) C SCyr(B). 

Proof. Let A and B be the maximal Sperner antichains of T^a an d T^b 
respectively. Then B is a maximal *-antichain of T^At so by Corollary 3.7.5, 
A < B. This gives SC^(A) = f]A C f]B = SCr(B). " ■ 

Theorem 3.7.16 SC(.F) = {f[A \ A G C-i(-T)}. 

Proof. Observation 3.7.14 implies that SC(J C ") C {f]A | A G C_i(.T)}. For the 
reverse inclusion, let A be a maximal *-antichain of T and let B be the maximal 
Sperner antichain of T^nA- Since A C -T-bnyi, .4 is a maximal *-antichain of 
-^"Dnyt, hence B < A (Corollary 3.7.5). This yields 

so that f]A = SCf(f)A) G SC(J C "), as desired. ■ 

If A and £> are antichains of J 7 , then 

no4A£) = (iv)n(n£). 

Since C-i(J-) is a meet-subsemilattice of the family of antichains of J 7 , The- 
orem 3.7.16 implies that SC(J-) is intersection-closed. This can also be de- 
duced from the fact that SCjf is a closure operation in the usual sense (Obser- 
vation 3.7.13 and Theorem 3.7.15). 

Corollary 3.7.4 gives the following observation: 

Observation 3.7.17 If A E SC,-(.F) and B G SCj(^), then A n B G SC fc (.F) 

where k > max(i,j). The inequality is strict if A and B are incomparable. 
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By Corollary 3.7.12, if w(.F D f x \) = k, then there are at most () maxi- 
mal r- antichains A C J-^s x \. This yields: 

Observation 3.7.18 If T is locally k-wide, then §C r (T) is locally ( )-wide. 

If A C B C |J T and A and B are the maximal Sperner antichains of 
J~DA an( i ?~DB respectively, then as in the proof of Theorem 3.7.15, A < B. If 
A£ B, then A ^ B and \A\ > \B\. This implies 

Observation 3.7.19 The families SC r (.F) are antichains of sets. 

3.8 The Size of Locally k-wide Families of Sets 

Theorem 3.8.1 let k > 2 and n > 1. if .F is a locally k-wide family of subsets 

of an n-set, then \F\ < (2k) n. 

The bound (2k) k ~ 1 n is linear in n but super-exponential in k. In 
general, unless n is much larger than k (asymptotically as A; — ► oo, unless 
ln(ln(ra)) > kln(k)), the bound of Theorem 3.3.6 is smaller. 

For k = 2, the theorem implies that a locally 2-wide family of sets T on 
an n-set satisfies \T\ < An. Since the maximum size of a locally 2-wide family 
of arcs on Z n is at least An — 4 (Example 3.6.2), this bound is optimal up to a 
constant (see Corollary 3.8.8 below). 

Whether the bound on the size of locally A;-wide families of sets on 
an n-set is asymptotically linear in both k and n is an open question. The 
largest known examples have ~ 3kn members (asymptotically, for 1 = o(k) and 
k = o(n)). For comparison, note that the asymptotic bound for such families of 
arcs is 2kn (Theorem 3.6.1). These examples are obtained by restricting locally 
A;-wide families of subsets of Z to [l,n]. They are constructed by enlarging the 
families of arcs in Example 3.6.2. 

Example 3.8.2 Let Sk consist of the A;-element segments of Z: 

S k = {[i,i + k-l] |ie Z}. 

Let Tk consist of the segments of Z with left endpoint k: 

T k = {[k,l]\l>k}. 

For k > 2, let Qk+i be given by 

Qk + i = { [x, i] U {x + k} | x < i < x + k — 2, x = 1 mod(2A;) } 

U{ {x - k} U [i, x] | x > i > x - k + 2, x = mod(2A;) }. 

Observe that if A, B G Gk+i, then A and B are either comparable or disjoint. 

Define Tk by 

T 2 = {0}U{Z}U<SiU<S 2 U7iuT 2 , 
Fk+i = Fk U Sk+i U 7fc+i U Qk+i ■ 
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Theorem 3.8.3 The family of sets Tk is locally k-wide for each k > 2. 

Proof. The family Ti is an unbounded version of Example 3.6.2 with k = 2. 
Assume inductively that T^ is locally A;-wide. Let i£Z. For each / > 2, let 

Hi = {A G Ti | x G A, |A| < /}. 

Since JT fc is locally A;-wide and by Dilworth's Theorem 2.4.2, Hk can be decom- 
posed into k disjoint chains C\, . . .,Ck- Since the maximal members oiHk are the 
k fc-element segments containing x, the maximal member C'i of d is a fc-element 
segment for each i. By definition of J~k+i, Ttk+i consists of the members of Hk 
together with the (k + l)-element segments (from Sk+i) and the chain Ck+i of 
members A of Qk+i with x G A. The members of Ck+i are included in a unique 
(A; + l)-element segment -Dfc+i of Z. Since every fc-element segment is contained 
in two successive (& + l)-element segments, we can match each C'i G {C\, . . . , C'k} 
to a distinct (k + l)-element segment D{ ^ -Dfc+i with C'i C D{- The chains C', 
defined by C' = C{ U {-D 8 } for 1 < i < k + 1, form a decomposition of "Hfc+i into 
A; + 1 disjoint chains. 
Let 

H' k+1 = {A e T k+1 \ \A\ >k + l}. 

Then H' k+1 consists of the (k + l)-element segments and the union of the k + 1 
disjoint chains {[i, j] \j> i + k} for 1 < i < k + 1. The fact that H' k+1 is locally 
(k + l)-wide follows from Corollary 3.5.2. This implies that (H'k+i)D{x} h as 
a decomposition into disjoint chains V\, . . .,T>k + i, where the minimal member 
of each chain T>{ is a (k + l)-element segment. Thus the minimal members of 
the chains T>{ are the same as the maximal members of the chains C[. This 
implies that the two chain decompositions can be combined to yield a chain 
decomposition of (J r k + i)^ > i x \ into k + 1 chains. By arbitrariness of x, J~k+i is 
locally (k + l)-wide. The induction is complete. ■ 

To obtain a locally A;-wide family of sets on an ra-set, we restrict T^ to 
[n]: let T^ ;a = (J r k)n[n\- Then T^,n is the family of segments of Example 3.6.7 
and has cardinality An — 5 for n > 4. 

Let n > 2k + 2. To estimate jr fc+ln , observe that 

|(S fc+ i)n[ n ] \^k,n\ = \{[i,i + k] \k + l<i<n-k}\=n-2k 

and 

|(rfc + i) nW \(^,„U(«Sfc + i)n W )| = |{[A;+l,/]|2A; + 2</<n}| = n - 2k - 1. 

The cardinality of R = (Gk+i)n[n] \ ( Fk,n U (5 fc+ i) n [ n ] U {T k+1 ) n[n] ) can be esti- 
mated as 



n 
2k 



2(k- 1) < \R\ < 



n 
2k 



2(k-l). 
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Since [f \2(k - 1) > (1 - \)n - 2k + 2 and \%]2(k - 1) < (1 - \)n + 2k - 2, 
this gives the following inequalities: 

\?k,n\ + (3 - \)n - 6k + 1 < \F k+hn \ < \F k , n \ + (3 - ±)n - 2k - 3. 

Therefore, for 1 = o(k) and A; = o(n), l-Ft A = 3A;ra + o(kn). 

For fixed &, these examples do not in general have maximum possible 
size, not even asymptotically in n, as demonstrated by: 

Example 3.8.4 Let 

T = {[*,j] | J -* + 1 < 4}U {[*,/] |*G [1,4]} 
U{{i,i+2} \iez} 
U{{6i,6i+l,6i + 3} \i G Z} 
U{ {6i + 2, 6i + 4, 6i + 5} | i G Z}. 

Then J 7 is locally 4- wide and l^nwl ~ 9|ra, while JT 4n ~ (4+(3 — 1) + (3— |))n = 
9±n. 

Proof of Theorem 3.8.1. Let T = {U = 0, U u U 2 , ■ ■ ■ , U b } be a locally 
A;-wide family of sets on an ra-set X . Let T{ = {U\, . . ., U{\. We can assume that 
Ui is maximal in T{ for each i. Let 

G w ,i = (SC^^x) U . . . U SC^)) \ {0}, 

for 1 < w < k and 1 < i < b. Let Q w = Q w ^ and b w = \Q W \. Note that since 
Ui G SCi(J-i), we have Q\^ = T{ \ {0} for each i, so that b = b\ + 1. If i < j, 
then ^u, j8 C (j w j. 

Lemma 3.8.5 Let i <b and B C X. 7f w( (J-^^b) < w> > then vj{{G w ,i)DB) < 

r'). 

Proof. Let {Ai, A2, . . . , A r } be an antichain of {Q w ,i)DB- For 1 < j ' < r, 
let /(j) be the least j' such that Aj is in Q w ji. Then Aj G SC w (J-f<j\) and 
/(j) < & f° r each j. By reordering, we can assume that / is non-decreasing. Let 
Aj be the maximal w-antichain of Tjt } \ with f]Aj = Aj. Since antichains with 
incomparable intersections are incomparable in the filter order, the antichains 
Aj are pairwise incomparable. For j' < j, J~f(j') C J-fU) C JT 8 -, so that Aj is a 
maximal w-antichain of Aj' U Aj and Aj C (J-'i)^B- It follows that the sequence 
of antichains {Ai,...,A r } satisfies the conditions of Theorem 3.7.11, whence 
r<( w ). m 

Lemma 3.8.5 implies that Q w is locally ( )-wide. In particular Q k is 
locally 1-wide, which gives b k < 2n — 1. An amortized counting argument will 
be used to bound the b w in terms of the &,../ for w' > w. 
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Let 1 < w < k, write 

G w = {A 1 ,A 2 ,...,A bu ,} 

and let f(i) be the least index i' such that A{ is in Q w y . Then A{ £ SC^-F^n) 
for each i. By reordering, we can assume that / is non-decreasing. Let 

n i = {A 1 ,A 2 ,...,A i }. 

Lemma 3.8.6 If A is a non-empty member of SC w (J r i), then A is maximal 
in Qw,i- Conversely, if A is maximal in Q W) i, then A is in SC w i(J-'i) for some 
w' > w. 

Proof. Suppose that A is a non-empty member of SC w (J r i). By definition, A 
is in Q W) i. Let A be a maximal w-antichain of T{ such that f]A = A. If A is not 
maximal in Q Wt i, then there is a member B of Q w ^ with B D A. Consider such 
a B. There is a w-element antichain B of T{ such that f]B = B. Since B D A, 
B ^ A. Since .4 is a maximal w-antichain of J 7 ;, B / A. Theorem 3.7.11 applied 
to the sequence of antichains {£>,.4} yields w' = w( (J-^^a) > w -\- 1. However, 
this implies that A = SC^(A) £ SC w >(J-'i) with w' > w, contradicting the fact 
that SC w (J r i) and SC w >(J-'i) are disjoint. 

Conversely, suppose that A is maximal in Q W) {. Let B = SC^(A). 
Since w( (J-^^a) > w, B is in SC w >(J-'i) for some w' > w. We show that 
A = B. Since w( (J-j+i)db) < w ( (J'j)db) + 1 f° r each j, it follows that for some 
j < i, w((J : j)z)b) = w - We have SCjr(B) £ SC U ,(JT ? ) C Q w ^. The inclusions 
AC5C SC^-.(-B) and maximality of A imply that A = B. ■ 

The assumption that / is non-decreasing and Lemma 3.8.6 imply that 
Ai is maximal in Hi for each i. 

We consider a procedure which processes each member Ai of Q w in 
turn. At each step the procedure will perform some token transactions on three 
sets of tokens Ti, T 2 and T3. Initially, 

Tt = X, 

T 3 = 0, 

where (+J denotes disjoint union. The set of tokens T 2 has ( w ) — 1 copies of each 
set in Q w i for k > w' > w. After the i'th step, T\ and T3 will satisfy: 

(*) T x = X\\JHi, 

(**) T3 = {A £ "Hi I A is maximal in "%•}. 

The i'th step will consist of adding Ai to T3 (since Ai is maximal in Hi) and 
either 
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(i) removing a total of at least two members from Ti, T 2 and T3 (including 
the members A of T3 with A C A,-), or 

(ii) removing at least one member of T\ and no tokens otherwise. 

To see how this will bound b w , let m w be the initial size of the set of 
tokens T 2 . Note that m w is determined by the b w i with w' > w: 



E ^(C')-i 



m w = 

The initial size of T\ is n. No tokens are ever added to T\ or T 2 . The total 
number of tokens added to T3 is b w . After a token has been removed from T3 it 
is never added again. Since Af, w is added to T3 in the last step, the total number 
of tokens removed from T3 is at most b w — 1 (or if b w = 0). Let r\ be the 
number of steps where only one token is removed and let r 2 be the number of 
steps where two or more tokens are removed. Then, 

b w = r 1 + r 2 . 

When only one token is removed, this token comes from T\. Therefore, 

7*1 < n. 

Since the total number of tokens removed is at least r\ + 2r 2 , 

r 1 + 2r 2 < n + m w + b w - 1. 

Combining these (in)equalities we obtain 

2b w — n < 2b w — r\ < n + m w + b w — 1. 

Solving for b w : 

b w < 2n — 1 + m w . 

We will estimate the right-hand side of this inequality following the 
description of the steps of the procedure. 

To describe the circumstances under which the procedure removes to- 
kens from T 2 , we prove the following lemma: 

Lemma 3.8.7 Let Aj be a maximal member of 7ii-\ such that A{ and Aj are 
incomparable and A{ D Aj ^ 0. Then B = A{ f~l Aj is in Q w i where w' = 
w((J c ' / ( 8 ))db) > w. 



46 



Proof. To see that w' > w, let Ai be the maximal w-antichain of Tju\ with 
f]Ai = A{. Let Aj be a w-element antichain of Tjt } \ with f]Aj = Aj. The 
inclusion J~ftj\ C -7~/( 8 ') implies that the width w/ of (J-juAdb 1S a t least the 
width of Ai U Aj. Since A 8 - and Aj are incomparable, the sequence of antichains 
{«4?,«4i} satisfies the conditions of Theorem 3.7.11, whence w' > w. 

Suppose that Aj is maximal in G w ju)- Then by Lemma 3.8.6, Aj £ 
SC(J r ju\). Since SC(J r ju\) is intersection-closed and A,- £ SC(J r ju\), B = Ai f~l 
Aj £ SC(^ r j(jA. By definition of «/, I? £ SC w i(Tju\) C (/„,/, as required. 

Suppose that Aj is not maximal in G w ju)- Since Aj is maximal in 
G w ,f(j)i we have f(j) < /(i), so that Aj £ G w ju)-i- Since / is non-decreasing, 
G w ,f(i)-i (= 'K-i-ii hence Aj is maximal in G w ju)-i and by Lemma 3.8.6, Aj £ 
SC(^ r j( 8 )_ 1 ). Let w" be the width of (^ 7 /( 8 ')_i)d_b. Let 



5' = SCWA^A,), 



>(0- 



5" = SC^.^nA,-). 



Since A 8 - £ SC(J r ju\), SCjf , AA 8 -) = A 8 -. Since Sperner closure preserves inclu- 
sion, 

B' C Ai. 



B" C Aj. 



Similarly, 

The family Tju\ is obtained from Tfu\_\ by the addition of the set 
Uf(i)- This implies that either w' = w" or w' = w" + 1. Let B' be the maximal 
w'-antichain of (J-fU))DB with p|£>' = B' . Let £>" be the maximal u;"- antichain 
of (^ /( ,-)_i)db with n^" = 5". 

If w' > w", then 5' = B" U {?//(,■)}, so that B' C 5". This, together 
with 5" C Aj and A t n A^ C B' C A 8 , implies that B' = B = AiC\ Aj. Therefore 

-B £ SC w /(Jy(i)) C £/„,/. 

If w' = w", then B" < B' (since B' is the maximal Sperner antichain of 
(J C ' / ( 8 ))3 B ), so that B" C 5'. This, together with B' C A 8 and A 8 n Aj C 5" C 
Aj, implies that B" = B = A 8 TlAj. Therefore, B £ SC w " (J- f<i\_i) C Q w ii = Q w i. 
This completes the proof of the lemma. ■ 

Let 

Ai = [\{A £ TLi-\ | A C A 8 - and A is maximal in "H 8 _i}, 
Mi = {B | B is maximal in {A n A 8 | A £ H % -\ , A n (A 8 \ A 8 ) 7^ 0}}. 

Note that if A is maximal in 7ii-\ and A f~l (A 8 - \ A 8 ) 7^ 0, then A and A 8 - are 
incomparable. If B £ Mi, then there is a maximal member A of "H 8 _i with 
A fl A 8 - = B, so that by Lemma 3.8.7, B £ Q w i for some w/ > w. 

We now perform the token removals required in the i'th step of the 
procedure. Assume inductively that after the (i — l)'th step (*) and (**) are 
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satisfied; and that any tokens removed from Ti in the j'th step for j < i — 1 are 
(copies of) B G Mj taken from (a copy of) Q w i , where w' = w( (-7~/( 8 '))d.b). Note 
that these conditions are satisfied initially (after the 'O'th' step). Let C be the 
family of members of T3 included in A{. The procedure removes the members 
of C from T3 and adds A{ to T3. The procedure also removes the elements of 
Ai \ (J"H 8 _i from T\. If A{ <£ {JTCi-i, then (ii) is satisfied and the i'th step is 
complete. If Ai C [JTCi-i but \C\ > 2, then (i) is satisfied and the i'th step is 
complete. Suppose that Ai C {JTCi-i and \C\ < 1. Since Ai = {JC, we have 
Ai \~A~i ^ 0, whence M % ^ 0. If \C\ = 0, then A, = 0, so that \Mi\ > 2 (by 
maximality of Ai G "H;). It follows that to satisfy (i), it suffices to remove the 
appropriate copy of each member of Mi from Ti- 

Let B G Mi- Let w' = w((J-'ju\)^ ) b)- Initially, Ti contains (™) — 1 
tokens which are copies of B G Q w '- To show that there are such tokens left after 
the (i — l)'th step, let t — 1 be the number of copies of B G Q w i removed from Ti 
so far, where the j'th copy of B G G w i was removed at the g(j)'th step. We can 
assume that g is increasing. Let g(t) = i. Let A g i \ be the maximal member of 
"Hg(\)-i with A g i Q \ PiAgi^ = B (using the third inductive assumption). We show 
that {A g i \, . . .,A g n\} is an antichain of (Q w ju))db- Let < j < j' < i. Then 
A g ij\ and A g iji\ properly include B. Consider the set A g tj\ f~l A g ijiy We have 
A g ij\ fl A g iji\ D B. Let A be a maximal member of TC g <ji\_ 1 with A D A g ij\. 
Since B G M g ui\ an d by construction of M g ui\, A f~l A g iji\ = B. This implies 
that A g ij\ nA g <ji\ = B, so that A g ij\ and A g iji\ are incomparable, as desired. By 

Lemma 3.8.5 w( (Q w ju))db) < (™ ), which implies that t-\- 1 < (™ ), as required. 
To obtain the bound b < (2k) k ~ 1 n, we show by induction on i that for 
1 < i < k, bk-i < (2kyn — 1. Using the fact that b\ < 2ra — 1 observed earlier, 

m k -i < ((^J - l)(2ra - 1) < 2kn - 2n. 

Using b k -i <2n-l + m k -i, 

6 fc _i < 2ra - 1 + (2kn - 2n) = 2kn - 1. 

Assume that b k -j < {2k) 3 n — 1 for 1 < j ' < i. Then 

""- = ( (*-.■ H h+ §(&-)- i ) h -' 

<- (*- i ) 2 »- 2 »+g(**:-)w'» 

A; 8 8_1 A; 8- - 7 
< — 2ra-2ra + V- rr(2kYn 

' 1 ^ 1 ' 



< (2£0 8 n — — + V -^ -In. 
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The sum in this expression can be approximated using the fact that j\ > 2 3 : 



1 U 2 



m k -i < (2*)*» + £ - 2 » 



4 8 " 1 f-f 4-? 

(^'"(^T + ^T^f 1 )- 2 "- 



For i > 1, the expression in parenthesis evaluates to 

12, 1,2 1 

'l--^) = -+ _ .. . < 1. 



4 8 " 1 3 V 4 8 '- 17 3 3-4 8 " 1 

Therefore, 

bk-i < 2ra - 1 + mk-i < [2k) % n - 1. 

This completes the induction step. 
We now have 

6 = 6i + l < {2k) k ~ 1 n, 

as desired. ■ 

The estimated bound (2k) n, obtained in the proof of Theorem 3.8.1 
above, can be decreased to yield a slight improvement on the bound for locally 
A;-wide families of arcs in Theorem 3.6.1: 

Corollary 3.8.8 For n > 3, the maximum size of a locally 2-wide family of sets 
on an n-set is either An — 4 or An — 3. 

The maximum size of an arbitrary family of sets on a 2-set is 4 = 4 • 2 — 4. 

Proof. There are examples of such families of size An — A. 

Using notation from the proof of Theorem 3.8.1, we first show that 
|t/2 1 < 2ra — 3. By construction, £" Qi- Let A £ Qi- Then there are incomparable 
sets U and V in T such that U nV = A. Let X = \J T. If X D W D X \ A, 
then {U, V, W} is an antichain with non-empty intersection. Since T is locally 
2-wide, W £" T . This implies that w(J-'^ > x\a) < 1? so that no 5 £ & includes 
X \ A. It follows that X £" t/2 an d either t/2 does not contain every singleton of 
X , or t/2 has at least three maximal members. Since Qi U {X} U {{x} \ x £ X} 
is a tree, Theorem 2.6.1 implies that |(/2| < 2ra — 3. 

By the proof of Theorem 3.8.1, 

b = b\ + 1 < 2ra + mi 
< 2n + ((2)-l)(2n-3) 
= 4ra-3 

as desired. ■ 
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3.9 Notes 

Section 3.1. The history of the notion of centered families of sets 
and £;-pseudotrees is discussed in the introduction. 

Section 3.4. The result of this section appears in Knill et al. [27]. 
The idea for the proof of the bound (k + 2)ra — 1 is due to Ehrenfeucht. 

Section 3.6. The proof of the linear bound for locally A;-wide fam- 
ilies of arcs (segments) is based on a generalization of a proof by Ehrenfeucht 
which shows that 2-pseudotrees of segments are linearly bounded. 

Section 3.7. Results on the structure of maximal r-antichains were 
discovered while establishing the linear bound for locally A;-wide families of sets. 
The counting techniques used in the proof of Theorem 3.7.3 are similar to the 
ones used by Greene and Kleitman in [18]. 



CHAPTER 4 
POSET DENSITIES IN SEMILATTICES. 

4.1 Introduction 

Let L be a semilattice and P a poset. Recall that L p denotes the 
poset of order-preserving maps from P into L where / < g iff for every x £ P, 
/0) < #0). 

Definition. Let F be a filter of P and a a join-irreducible of L. Define 
T(L P , P, a) = {f E L p \ f(x) > a iff x £ F}. 

An order-preserving map / : P —> L is of £?/pe (P, a) iff / £ T(Z- P , P, a). 

Observation 4.1.1 For fixed a £ Z-, £/ie families of maps T(L , P, a) partition 
L p into convex subfamilies, one for each filter F of P. 

We are interested in comparing the cardinalities of the types. One way 
to do this is by the construction of matchings. 

Definition. Let Q\ and Qi be subsets of a poset. A decreasing (increasing) 
matching from Q\ to Qi is a one-to-one map a : Q\ —^ Q2 such that for every 
x £ Qi, a(x) < x (cr(x) > x). 

Definition. The pair (L,a) has the full downward matching property for P, 
(L,a) £ MPf(P) for short, iff a is a join-irreducible of L such that for every 
pair of filters F and G of P with F D G, there is a decreasing matching <7 : 
T(L p ,F,a)^ T(L p ,G,a). 

Definition. The pair (L,a) has the top downward matching property for P, 
(L,a) £ MPt(P) for short, iff a is a join-irreducible of L such that for every 
filter F of P there is a decreasing matching <7 : T(Z- , P, a) — ► T(Z- , P, a). 

Definition. The pair (L,a) has the weafc downward matching property for P, 
(L,a) £ MPw(P) for short, iff a is a join-irreducible of L such that for every 
filter Pof P, \T(L p ,P,a)\ < \T(L P , F, a)\. 

Definition. The semilattice L has the full (top, weak) matching property for 
P, L £ MPf(P) (L £ MPt(P), X £ MPw(P)) for short, iff there exists a join- 
irreducible a £ L such that (i,a) £ MPf(P) ( (L,a) £ MPt(P), (L,a) £ 
MPw(P)). 
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Observation 4.1.2 If (L,a) G MPf(P), then (I, a) G MPt(P). If (I, a) G 
MPt(P), then (I, a) G MPw(P). 

For F/P, T(I P , F, 6) = 0. This implies: 

Observation 4.1.3 The pair (1,0) does not have any of the downward match- 
ing properties. 

It follows that the one-element lattice [1] has none of the downward matching 
properties. 

Consider the one-element poset [1]. We have I*- 1 ' = I so that 

T(lW,[l],fl)^[a) and T(£M,0,a)^ L\[a). 

Observation 4.1.4 (I, a) G MPf([l]) iff (I, a) G MPt([l]); and (I, a) G 
MPw([l])^|[a)|<i|i|. 

A fundamental problem is to determine the (non-trivial) semilattices 
which have the full (top, weak) matching property for P. This problem appears 
to be very difficult even for the one-element poset. The following (in-)famous 
conjecture is attributed to P. Frankl: 

Conjecture 4.1.5 If I is a semilattice with \l\ > 2, then I G MPw([l]), i.e. 
there is a join-irreducible o£ I such that \[a)\ < ^\L\. 

This conjecture is usually stated in terms of union- closed families of sets 
(see Section 4.3). Although this problem is well known, little progress has been 
made toward its solution. See Notes at the end of this chapter for a discussion 
of the history and available literature. 

The upward matching properties are defined analogously to the down- 
ward ones. In order for these properties to be non-trivial, we have to explicitly 
consider only the proper join-irreducibles (since otherwise (1,0) has every up- 
ward matching property): 

Definition. The pair (I, a) has the full upward matching property for P, 
(I, a) G MPf"(P) for short, iff a is a proper join-irreducible of I such that for 
every pair of filters F and G of P with F C G, there is an increasing matching 
a :T(I p ,F,a)^ T(I p ,G,a). 

Definition. The pair (I, a) has the top upward matching property for P, 
(I, a) G MPt"(P) for short, iff a is a proper join-irreducible of I such that for 
every filter F of P there is an increasing matching a : T(I , 0, a) —> T(I , F, a). 

Definition. The pair (I, a) has the weak upward matching property for P, 
(I, a) G MPw"(P) for short, iff a is a proper join-irreducible of I such that for 
every filter F of P, |T(Z- p ,0,a)| < \t(I p , F, a)\. 
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Definition. The semilattice L has the full (top, weak) upward matching prop- 
erty for P, L £ MPF(P) (L G MPt"(P), L G MPw"(P)) for short, iff there 
exists a proper join-irreducible a G L such that (L,a) G MPf"(P) ((L,a) G 
MPt"(P), (L,a) G MPw"(P)). 

Matching properties are downward by default. Except for the next 
section, we will focus on the downward matching properties. 

4.2 Examples and Counter-examples 

Let P be a poset. 

Example 4.2.1 Consider the one-element lattice [1] (the trivial lattice). The 
only order-preserving map from P to [1] is of type (P, 0). Therefore, [1] has 
none of the downward matching properties. Since there are no proper join- 
irreducibles, [1] has none of the upward matching properties. 

Example 4.2.2 Consider the two-element lattice [2]. For every filter F of P, 
T([2]- P ,P, 1) consists of exactly one map fp defined by fp{ x ) = 1 if a; G P 
and fF( x ) = otherwise. Since fF^fa'^FC G, [2] has all the matching 
properties. 

Theorem 4.2.3 If (L, a) has one of the matching properties for P and M is a 
semilattice, then (L X M, (a,0)) has that matching property for P. 

Proof. Observe that for every join-irreducible a G L, 

T((L x M) p , P, (a, 6)) =* T(L P , P, a) x M p . 

If a : T(L , P, a) —> T(L , G, a) is a decreasing (increasing) matching, then the 
map a' defined by 

a'(f)({u,v))={a(7T 1 of)(u),(7T 2 of)(v)) 

is a decreasing (increasing) matching from T((L X M) , P, (a,0)) to T((L X 
M) p ,G,(a,6)). ■ 

Theorem 4.2.3 will be generalized in Section 4.4. 

Example 4.2.4 Let n > 1. The Boolean lattice B n generated by n atoms is 
(isomorphic to) the ra-fold cartesian product of the two-element lattice. Ex- 
ample 4.2.2 and Theorem 4.2.3 imply that (B n ,a) G MPf(P) and (B n ,a) G 



MPF(P) for every atom a G B n 
\T(B p ,F,a)\ = \T(B p ,P,a)\ 



D n-\ 



t follows that for every filter F of P, 
. Hence, by induction, \B P \ = \[2] p \ n . 



The following theorem together with the Fundamental Theorem of Dis- 
tributive Lattices (Theorem 2.5.1) shows that every non-trivial distributive lat- 
tice has the full downward and upward matching properties. 
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Theorem 4.2.5 Let Q be a poset. Let L be the family of ideals of Q. If x is 
maximal in Q, then (L,(x] ) £ MPf(P). If y is minimal in Q, then (L,(y] ) £ 
MPf"(P). 

Proof. If z £ Q and / is an ideal of Q with / C (z], then z £" I. It follows 
that (z\ is join-irreducible in L for every z £ Q. Let a; be a maximal element 
of Q. Suppose that F and G are filters of P such that F D G. Define a : 
T(I p ,F,(,T])^T(I p ,G,(,T])by 

*/)(«) = { {i"! Ul} W F .^ G ' 

v n ' 1 /(m) otherwise. 

Since x is maximal, for every ideal / of Q, I \ {x} is an ideal. Thus a is a 
decreasing matching from T(L , _F, (a;] ) to T(Z- , G, (x] ). 

Similarly, if y is a minimal element of Q, then we obtain an increasing 
matching a' : T(L P , G, (y] ) —> T(L P , _F, (y] ) by defining 

-'(/)(..) = ( {!"! u{!,} B « £ ?\ G - 

v /v 7 1 /(m) otherwise. 

Note that by minimality of y, if / is an ideal of Q, then so is / U {y}. The 
theorem follows. ■ 

Many atomic (semi-)lattices L satisfy T(Z- P ,P, a) < T(Z- p ,0,a) for 
each atom a, which implies that L £" MPw"(P). This is illustrated by the 
following example. 

Example 4.2.6 Let M n be the semilattice consisting of and n atoms (see 
Figure 4.1). The only proper join-irreducibles are the atoms, and for each atom 
a, \T(M p ,P,a)\ = 1. For n > 2, |T(ilpf,0,a)| > 2, so that M n $ MPw"(P). 




M 4 

Figure 4.1 
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Let M n be M n with a greatest element 1 adjoined. Then M n is a 



(modular) lattice. For n > 3, T(M^ P ,0,a) > |[2] i 
every atom a £ M^, so that M^ g" MPw"(P) 



T(ii^ P ,P,a 



for 



A weak version of the full downward matching property requires only 
that for some join-irreducible a £ Z-, the function / : [2] p —> N defined by 
f(F) = \T(L p ,F,a)\ is order-reversing, i.e. F CG implies that f(F) > f(G). 

The lattice M n is an example for which there are posets P such that M n does 
not satisfy this weak version of the full downward matching property for P: 

Example 4.2.7 Let P be the dual of Mj~. Then P consists of a A;-element 
antichain A covered by 1. The number of filters of P is 2 k + 1. Let a be an atom 
of M n . The complement of [a) in M n is isomorphic to M n -\. Thus 



T(M^ P ,0,a 



-p 



M^_! I = (n - l)(\[2] p \ - 1) + 1 = (n - l)2 fc + 1. 



Let / £ T(M n , {1}, a). Either /(l) = a, in which case for every x ^ 1, /(a;) = 0; 
or /(l) = 1 £ M n , in which case the restriction of/ to P\{1} can be an arbitrary 



map into the complement of [a). This implies that T(M n , {l},of 
For k > 2 and n sufficiently large, ra fc + 1 > (n — l)2 fc + 1. 



n k + 1. 



Whether all non-trivial (semi)lattices have the weak downward match- 
ing property for every poset remains an open question. There are lattices which 
do not have the top matching property for any poset. 

Example 4.2.8 Let L be the union-closed family of sets generated by the (un- 
ordered) pairs of adjacent vertices of the pentagon and the empty set. Since L 
has a least member, L is a lattice with the join operation given by union. L is 
atomic, where the atoms are the edges of the pentagon. 

Let {a, b} be an edge of the pentagon. Let {c, a} and {6, d} be the 
edges other than {a, b} incident on a or b. Consider the ideal I of L generated 
by {c,a,b,d} (see Figure 4.2). Then |/n[{a,6})| = 4 and |/\[{a,6})| = 3. 
This implies that there is no decreasing matching from [{a, b}) to L \ [{a, 6}), so 
that L ^MPt([l]). 

More generally, let P be an arbitrary poset. The sublattice In [{a, b}) 
of I is isomorphic to the four-element Boolean lattice B^- The subsemilattice 
I \ [{a, b}) of I is isomorphic to Mi (Example 4.2.6). Since Mi is (isomorphic 
to) a proper subsemilattice of B^^ T(P ,0,{a,6}) < T(P , P, {a, 6}) . Since 
I is an ideal of I , there is no decreasing matching a : T(I , P, {a, 6}) —> 
T(I p ,®,{a,b}). 

In Section 4.11 we will show that every lattice which is isomorphic to 
a union-closed family of sets generated by sets of size at most two, has the weak 
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{c, a, b, d} 
{c, a, 6} /^ \. {a, 6, <i} 

{c,a}c(; yV n »-, Jp{b,d} 




Figure 4.2 

matching property for [1]. This implies that the lattice L in Example 4.2.8 
satisfies L G MPw([l]). 

4.3 Semilattices, Intersection- and Union-closed Families of Sets 

For many purposes, the concepts of semilattices and intersection- and 
union-closed families of sets are interchangeable. Every semilattice has a canon- 
ical representation as an intersection-closed family of sets where the meet opera- 
tion is intersection. An equivalent representation as a union-closed family of sets 
(where meet is represented by union) is obtained by complementing every mem- 
ber of an intersection-closed representation. If L is a lattice, then the canonical 
intersection-closed representation of the dual of L is the canonical union-closed 
representation of L where join is represented by union. 

Let L be a semilattice. 

Definition. Let V{L) denote the family of principal ideals of L. Let J(L) 
denote the set of proper join-irreducibles of L. For every member m of i, let 
,J(u) = {a E J(L) | a < u}. Note that J(u) = J( (u] ) = J(L) n (u\. 

If (u] and (v] are principal ideals of L, then (w]n(t>] = (uAv]. Therefore: 

Observation 4.3.1 The family V{L) is intersection-closed. The map o : T —* 
V(L) defined by o(u) = (u\ is a semilattice isomorphism. 

Definition. The canonical intersection-closed representation of T is given by 

T(L) = (V(L)) nJ{L) , 
the restriction oiV(L) to J(L). 



56 



Theorem 4.3.2 The family J-{L) is an intersection-closed family of sets with 
domain J(L). The map J : T — ► J-{L) is a semilattice isomorphism with inverse 
given by J- 1 (U) = \JU for U £ T{L). 

Proof. Since T{V) is the restriction of V{L) to J(L), J-(L) is intersection- 
closed. Since J is the composition of the isomorphism from T to V{L) with the 
restriction map (u] i— ► (u] fl J(L), it follows that J is a meet-homomorphism. 
Every member u of L is the least upper bound of the proper join-irreducibles 
below u, i.e. u = \J J(u). This implies that J is a semilattice isomorphism. ■ 

Theorem 4.3.3 The intersection-closed family T = J-(L) has the following 
property: If a £ (J T and U is the minimal member of T with a £ U , then 
U\{a}£T. 

Proof. Let a £ {J J 7 = J(L). The minimal member of J~3{ a \ 1S J( a ) = 
(a] fl J(L). Since a is a proper join-irreducible of L, there is a unique element u 
of L covered by a. Every member of L strictly below a is below u. Therefore, 
J(u) = J{a)\{a}. M 

Definition. The family of sets T is an intersection-closed representation of 
L iff T is intersection-closed, and T and L are isomorphic semilattices. The 
representation T of L is irredundant iff no restriction of T to a proper subset of 
the domain is isomorphic to T . 

Theorem 4.3.3 shows that T{V) is an irredundant representation of 
T. Every intersection-closed family of sets has an irredundant representation 
obtained by restriction. The following theorem and its proof show how to find 
such representations. 

Theorem 4.3.4 Let L be an intersection-closed family of sets. Then there is a 
one-to-one map p : J(L) — ► \JL such that for each a £ J(L), p(a) £ a and the 
map U h^ {p(a) \ a £ U} is an isomorphism from J-{L) onto the restriction of L 
to the image of p. 

Proof. For each proper join-irreducible a £ L, let c(a) be the unique member 
of L covered by a and let p(a) be an (arbitrary) element of a \c(a). To show that 
p is one-to-one, assume that p(a) = p(b). Then p(a) £ a f] b. Since p(a) £" c(a), 
a fl b = a. Similarly, a f] b = b, hence a = b. 

Let X be the image of p. For each a £ J(L) and u £ L, if p(a) £ u, 
then a C u (otherwise p(a) £ u fl a C a). This implies that for each u £ L, 
u fl X = {p(a) | a £ J(u)}. The result follows. ■ 

Note that all irredundant intersection-closed representations of L have 
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the same number of elements in their domains (the number of proper join- 
irreducibles of L). In fact, if T and Q are irredundant intersection-closed rep- 
resentations of L, then there is a bijection a : {J J 7 — ► {JQ such that U G T iff 
CT (£0 G £ (such bijections are called set-system isomorphisms). 

The correspondence between semilattices and intersection-closed fam- 
ilies of sets allows us to translate properties of semilattices to properties of 
intersection-closed families, where the concept of a proper join-irreducible is re- 
placed by that of an element in the domain. In general this correspondence will 
not be mentioned explicitly and each member u of a semilattice L will be iden- 
tified with the set of proper join-irreducibles below u. Conversely, each element 
x in the domain of an intersection-closed family T will often be identified with 
the minimal member of T^s x \- 

Definition. Let L be a join-semilattice. Let M(L) denote the set of meet- 
irreducibles of L. The canonical union-closed representation of L is the family 
J-(L) given by 

T(L) = {M(L)\[u) \u£L}. 

Since M(L) = J(L*), T(L) = {M(L) \ U | U G T{L*)} (where L* is 
the dual of L). In J-(L), the join operation of L is represented by union. The 
results and definitions for canonical intersection-closed representations of meet- 
semilattices translate to canonical union-closed representations of join-semilat- 
tices. 

Every semilattice L can be made into a lattice (the completion of L) 
by adjoining a greatest element if necessary. Let I be a lattice. Then I is a 
join-semilattice. 

Observation 4.3.5 The join-irreducibles of L are the generators of the canon- 
ical union-closed representation of L. 

In Sections 4.6 and 4.7 we will use the family of generators of J-{L) to define a 
notion of locality for L. In those sections, we will identify each u G L with the 
corresponding member M(L) \ [u) of J-(L). 

The canonical intersection- and union-closed representations of (semi- 
lattices and their duals can be used to obtain the following equivalent formula- 
tions of Conjecture 4.1.5: 

Conjecture 4.3.6 If T is an intersection-closed family of sets with \T\ > 2, 
then there is an element i£|Jf such that \T^,i x \\ < ^\J~\. 

Conjecture 4.3.7 (The union-closed sets conjecture) If J 7 is a union-closed 
family of sets with |.F| > 2, then there is an element x £ (JJ such that \J-^s x \\ > 
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Conjecture 4.3.8 If T is a union-closed family of sets with \T\ > 2 and$ G T ', 
then there is a generator U of T such that \J~z)u\ < ^l-^l- 

Conjectures 4.3.6 and 4.3.7 are equivalent by complementation. The irredundant 
intersection-closed representations of semilattices show that 4.3.6 is equivalent 
to 4.1.5. To see that 4.3.8 is equivalent to 4.1.5, use Observation 4.3.5 and note 
that if 4.1.5 holds for lattices, then it holds for semilattices. Proof: Assume that 
4.1.5 holds for lattices. Let L be a semilattice without a greatest element and let 
L = L U {1l} be the completion of L. By assumption, there is a join-irreducible 
a G L such that |[«)f| < \ \ L\. Then 

\[a)L\ = \[a) L \-l<l(\L\-l) = hL\, 



2 v. ■ / 2 , 



as required. 



4.4 Subdirect Products of Semilattices 

Definition. The semilattice L is a subdirect product of the semilattices 

L\ , . . . , L n iff 

(i) L is (isomorphic to) a subsemilattice of the cartesian product YYi=i Li, 
(ii) for each i and u G £;, there is a member (v\, . . . , v n ) of L such that 
Vi = u. 

Condition (ii) implies that the restrictions 7r 8 - 1 L of the projections are onto Li. 
If for some i, iTi t L is one-to-one, then L is isomorphic to Li. In this case, L is 
a trivial subdirect product of L\, . . . , L n . 

Since the family of subsets of an ra-set is isomorphic to the ra-fold carte- 
sian product of [2], every intersection-closed family T with G T is a subdirect 
product of lU-^l copies of [2]. Since every semilattice has an intersection-closed 
representation, it follows that every semilattice L with \L\ > 2 is a non-trivial 
subdirect product. The following example shows how to express a semilattice as 
a subdirect product with two components. 

Let L be a semilattice. 

Example 4.4.1 Let A\ and Ai be subsets of L such that A\ U Ai D J(L). Let 
L\ = V(L) ri A 1 and L 2 = V{V)r\A 2 - For u £ L, let 

a(u) = {(u] n Ai, (w] n A 2 ) G Xi X i 2 - 

Since Ai U A 2 5 J(L), t is a one-to-one meet-homomorphism into L\ X i 2 (see 
Theorem 4.3.2). It follows that L is a subdirect product of L\ and i 2 . 

Corollary 4.4.13 below shows that every subdirect product arises in this 
fashion. 
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Example 4.4.2 Let P be a poset. Then L p is a subdirect product of \P\ copies 
of L. Let a; be a non-maximal member of P and P' = P\{x}. Then every order- 
preserving map f : P' —* L can be extended to an order-preserving map on P 
by letting 

f( x ) = /\{f(y) \y>x}. 

(If L is a lattice, this also works for maximal x £ P.) This implies that L p is a 
subdirect product of L and Z- . 

The subdirect products of Example 4.4.2 are full subdirect products: 

Definition. The semilattice L is a full subdirect product of the semilattices 
L\, . . . , L n iff L is a subdirect product of Z-i, . . . , L n and 

(iii) for every u, v £ £ , if w = u V l v , then w = u V n «_ l f. 

The family Sub(Z-) of subsemilattices of L is intersection-closed. Thus 
Sub(Z-) is a semilattice with meets given by intersection. An alternate semilattice 
structure on Sub(Z-) is defined as follows: 

Definition. Let Sub(Z-) denote the family of subsemilattices of L. For L\, Li £ 
Sub(Z-), define L\ A Li by 

L\ A L 2 = {u A v | u £ I-i, f £ £2}. 

Let Z-i and £2 be semilattices. We can define subdirect products oper- 
ationally: 

Definition. The map / : L\ —^ $u\>(L 2 ) is meet-concave iff for every u,v £ L\, 
f(u) A f{v) C f(u A v). If / : £1 — ► Sub(L 2 ) is meet-concave, then define 

I-i mj i 2 = {(u,v) £ I-i X L 2 I w £ /(m)}. 

Theorem 4.4.3 If f : L\ —* $u\>(L 2 ) «s meet-concave, then L\ mj i 2 «s a 
subsemilattice of L\ X L 2 . 

Proof. If (ui,vi) and {u 2 ,v 2 ) are in Z-i mj L 2 , then by meet-concavity of /, 
fi A f 2 £ /(^i A M2), so that [u\ A u 2 ,vi A v 2 ) £ X-i nj i 2 , as desired. ■ 

Theorem AAA The semilattice L is a subdirect product of L\ and L 2 iff there 
exists a meet-concave map f : L\ —* §y\\)(L 2 ) such that L 2 = [j ue L 1 f(u) and 
L = L 1 XfL 2 . 

Proof. Suppose that L is a subdirect product of L\ and L 2 . For u £ L\, let 

f( u ) = {ve L 2 \{u,v)e L}. 
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Since (u, v\)A(u, v 2 ) = (u, v\Av 2 ), f(u) is a subsemilattice of L 2 . Since (u\, v\) A 
(u 2 ,v 2 ) = {u\ A u 2 ,v\ A t> 2 ), we have f(u\) A f(u 2 ) ^ /( M i A w 2 ). This implies 
that / is a meet-concave map, whence L is (isomorphic to) L\ mj £ 2 . Since 
vr 2 j i is onto L 2 , \J ueLl f(u) = L 2 . 

Let / : L\ — ► Sub(£ 2 ) be a meet-concave map with UueLi /( m ) = 
L 2 . By Theorem 4.4.3, L\ mj £ 2 is a subsemilattice of L\ X L 2 . Since every 
subsemilattice of L 2 is non-empty, tt\ t £1 mj L 2 is onto £1. Since the union of 
the range of /is L 2 , ir 2 t £1 mj £ 2 is onto L 2 . It follows that £1 mj i 2 is a 
subdirect product of L\ and i 2 . ■ 

Definition. Let L be a subdirect product of £1 and L 2 . Let i\ : L\ —* Sub(i 2 ) 
and i 2 : L 2 —f Sub(ii) be the maps defined by 

ii(u) = {v e L 2 \(u,v) e L}, 

i2(v) = {u G L-y I (u,v) G L). 

For i = 1,2 let i 8 (w) be the minimal member of n(w). The maps /-i and i 2 
implicitly depend on L, L\ and L 2 . By the proof of Theorem AAA, the maps n 
are meet-concave, L = L\ ix tl i 2 and L = L\ l2 t>< L2. 

Let m < f in £,-. Since /,; is a meet-concave map, i 8 -(w) A Li(v) G £;(«). 
Hence i 8 (w) < i 8 -(w) A i 8 (f), which yields i 8 (w) < i 8 (f ). 

Observation 4.4.5 T/ie maps /, x : L\ —^ L 2 and i_ 2 : L 2 —^ L\ are order- 
preserving. 

Theorem 4.4.6 Let L be a subdirect product of L\ and L 2 . If (u,v) is join- 
irreducible in L, then either u is join-irreducible (in L\) and v = Li(u) or v is 
join-irreducible (in L 2 ) and u = L 2 (v). If both v = t_i(u) and u = L 2 (v), then u 
and v are both join-irreducible. 

Proof. Let (u,v) be a join-irreducible of L. Since 

(u,v) = (w,ii(w)) V L (i 2 (v),v), 

either Li(u) = v or L 2 (v) = u. Suppose that Li(u) = v. To show that u is 
join-irreducible in L\, let u = u\ V u 2 for some u\,u 2 G L\. Since ii(wi) < t_i(u) 
and Li{u 2 ) < Li(u), 

(u,v) = (11,14(11)) = (ux^i^iux)) V L (u 2 ,i i (u 2 )). 

Since (u, v) is join-irreducible, this implies that u\ = u or u 2 = u, as desired. 
Similarly, if t_ 2 (v) = u, v is join-irreducible in L 2 . ■ 

The converse of Theorem 4.4.6 holds if L is a full subdirect product of 
L\ and L 2 : 
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Theorem 4.4.7 Let L be a full subdirect product of L\ and L 2 . Then (u,v) is 
join-irreducible in L iff either u is join-irreducible in L\ and v = t_i(u) or v is 
join-irreducible in L 2 and u = L 2 {v). 

Proof. The 'if direction is given by Theorem 4.4.6. 

Assume that u is join-irreducible and v = L\{u). Let {u\,vi) G L, 
{u 2 ,v 2 ) G L such that 

(u,v) = (mi,wi) V l (u 2 ,v 2 ). 

Since L is a full subdirect product, 

(mi,wi) V l (u 2 ,v 2 ) = {u x V u 2 ,v 1 V v 2 ). 

Hence u\ V u 2 = u and v i V v 2 = v. Since u is join-irreducible, either u\ = u 
or u 2 = u. Without loss of generality, assume that u\ = u. Since v = L\{u) is 
minimal in L\{u) and v\ < v, it follows that v\ = v, so that {u\,vi) = (u,v), as 
desired. 

The case where v is join-irreducible and u = L 2 {v) is symmetric. ■ 

Theorem 4.4.7 and inductive use of the representation of L as a sub- 
direct product of L and £ p \w (for non-maximal x G P) yields the fact that 
the join-irreducibles of L are the maps / : P —> L such that for some join- 
irreducible a G L and element y G P, f{z) = a for z G [y) and f(z) = 
otherwise. 

A subdirect product L of L\ and L 2 can be viewed as an internal 
subdirect product, where L\ and L 2 are subsets of L closed under least upper 
bounds. 

Definition. Let V C L. Then V is a lub-subsemilattice of L iff for every 
U C L' such that V U exists in L, V U G L' (i.e. V is closed under least upper 
bounds of L). 

If V is a lub-subsemilattice of L, then V0 = G L'; and for every 
u, v G X', 

m Aj,/ f = \/{w G L' | w < u Al v}, 

so that V is a meet-semilattice (the meet of V need not agree with the meet of 
L). 

Observation 4.4.8 The subset L' of L is a lub-subsemilattice of L iff Ql E L' 

and for every u,v G L' , ifuVLV = wEL, then u Vj,/ v = w G L' . 

Theorem 4.4.9 Let L be a subdirect product of L\ and L 2 . Define L[ C L and 
L' 2 CLby 

T'\ = {(u,Li(u)) \u G L t }, 
L 2 = {{i 2 (v),v)\veL 2 }. 
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Then, for i = 1,2 I- is a lub-subsemilattice of L and 7r 8 - f L\ : L\ — ► L{ is a 
meet-isomorphism. 

Proof. By symmetry, it suffices to prove the resuit for L[. Observe first that 

6l iX l 2 = (6^,^(6^)) A (i 2 (6 L2 ),6 L2 ) G L, 

so that (6^,^(6^)) = 6 LiX l 2 = 6 L G L[. 

Let u\,u 2 G L\ and suppose that (u\, t_i(ui)) Vl { u 2iL\{ u 2)) exists in L. 
Then u\ V u 2 exists in L\, and since Li(u\ V u 2 ) > Li( u i) an d Li(u\ V u 2 ) > L\{u 2 ) 
(Observation 4.4.5), we have 

(«i,iiOi)) V L {u 2 ,Li(u 2 }) = («i V u 2 ,t 1 (u 1 V u 2 )). 

Thus i^ is ciosed under pairwise greatest iower bounds of L. It follows that L[ 
is a lub-subsemilattice of L. Since 

(«i,ii(wi)) A L j {u 2 ,Li(u2)) = {ui A w 2 ,in(wi A u 2 )), 
7Ti J i^ is a meet-isomorphism onto £1, as required. ■ 

Let L be a subdirect product of L\ and £2, and let L[ and i 2 be the 
lub-subsemilattices of L defined in Theorem 4.4.9. The isomorphisms L\ = L[ 
and L 2 — L' 2 induce projections ir[ and 7r 2 of L onto L[ and i 2 respectively. For 
i = 1,2 these projections satisfy 

<(«) = Vl{^ ei!><"}e £(■ 

and 

M = ir[(u) V L TT 2 (u) 

for u E L. 

Definition. Let ACL. The lub-subsemilattice of L generated by A is given 

by 

G L (A) = {\/ L B\BCA}. 

The projection tta of £ onto Gi,(A) is defined by 

for u E L. This gives 7r' = 7T£/ for i = 1,2. 

Theorem 4.4.10 The map tta is a meet-homomorphism of L onto Gl(A). 



63 



Proof. Let V = Gl(A). The proper join-irreducibles of V are included in A. 
This implies that the family V(L') n A 1S an intersection-closed representation of 
V . The map a : V —* T > (L') n A defined by o(u) = (u\ f\A is a meet-isomorphism 
with inverse given by a~ 1 (B) = \J L (B) for B G V(L% A . Let p : L -+ 2 A be 
the meet-homomorphism defined by p(u) = (u] (~l A. Then tta = <? _1 ° p and the 
result follows. ■ 

Definition. The semilattice L is the internal subdirect product of L\ and £2 
iff L\ and £2 are lub-subsemilattices of L such that £1 U L 2 D J(L). 

Theorem 4.4.11 If L is the internal subdirect product of L\ and L 2 , then L is 
a subdirect product of L\ and L 2 . 

Proof. Let a : L —^ L\ X L 2 be defined by 

a(u)= (7t Li (m),7t L2 (m)). 

By Theorem 4.4.10, a is a meet-homomorphism from L into L\ X L 2 . Define 
p : L\ X £2 — ► -£- by 

p((w, f )) = u\J v if uV v exists in i. 

Then 

P (a(u)) = \/((u]nL 1 )v\/((u]nL 2 ). 

Since J(£) C Li U L 2 , p(cr(u)) = u. Therefore, a is one-to-one, whence L is 
isomorphic to a meet-subsemilattice of L\ X L 2 . Since 71"/^ and ttl 2 are onto £1 
and L 2 respectively, L is a subdirect product of £1 and L 2 . H 

Theorems 4.4.6, 4.4.9 and 4.4.11 yield: 

Corollary 4.4.12 The semilattice L is a subdirect product of L\ and L 2 iff L 

is the internal subdirect product of L[ = L\ and L 2 = L 2 . 

Corollary 4.4.13 The semilattice T is a subdirect product of L\ and T 2 iff there 
are subsets A\ and A 2 of T such that Ai U A 2 D J(L) and T > (L) n A, — Li, for 
i = 1,2. 

4.5 Constructions which Preserve Matching Properties 

Let L be a semilattice. Let P and Q be posets. Let F\ and F 2 be filters 
of P such that F\ ~D F 2 , and let G\ and G 2 be filters of Q such that G\ ~D G 2 . 

Theorem 4.5.1 If there are decreasing matchings 

a : T(L P , F u a) -> T(L P , F 2 , a) and p : T(L Q , G u a) -> T(L Q ,G 2 , a), 

then there is a decreasing matching 

(a + p): T(L P +^,F 1 + G u a)^ T(L P +^,F 2 + G 2 ,a). 
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Proof. The matching a + p is defined by 

(a + p)(f)(x)-l '(/tW if^eP, 
1 + ^ jUn j "\ K/tQ)(*) XxeQ, 

for / G T(i p+< 5, F\ + G\,a), where f \ P and / f Q are the restrictions of / to 
P and Q respectively. ■ 

The following is a partial converse of Theorem 4.5.1: 

Theorem 4.5.2 Suppose that G\ = G 2 or that a is an atom of L. If there is a 
decreasing matching 

a : T(L P +^,F 1 + G u a)^ T(Z p +«, F 2 + G 2 ,a), 

then there is a decreasing matching 

a' ■.T(L p ,F 1 ,a)^T(L p ,F 2 ,a). 

Proof. For / £ L p and g £ L® , let / + g £ L p+ ® be the map defined by 

, . , . J f(x) if x E P, 

(f + g)(x) = < ) ( ., 

w A ; [ #0) if a; £ <Q. 

Let h E T(i < 5, Gi, a) be the map defined by 

, , . \ a if x E G\ , 
1 otherwise. 

Then h is the minimal member of T(P^, G\,a). 

Given the decreasing matching a : T(L P+ ® ,F\ + G\,a) —> T(L P+ ® , 
F 2 + G 2 ,a), define a 1 by 

a'U) = aU+h)\P, 

for / £ T(i , Pi, a). The definition implies that <j'(f) £ T(i , F 2 ,a) and 
CT '(/) ^ / f° r / ^ T(ZP,Pi,a). It remains to show that a' is one-to-one. If 
G\ = G 2 , the only map b! E T(L® , G 2 , a) with h' < h is h' = h. If a is an atom, 
the only map h' E T(L®, G 2 , a) with h' < h is the map // defined by h'(x) = a 
if x E G 2 and h'(x) = otherwise. This implies that a(f -\- h)\ Q = h 1 for every 
/ £ T(L , Pi, a). Since <7 is one-to-one, a' is one-to-one. ■ 

Theorems 4.5.1 and 4.5.2 have the following corollaries: 

Corollary 4.5.3 (L, a) £ MPf(P+Q) iff(L, a) £ MPf(P) and (L, a) £ MPf(Q). 

Corollary 4.5.4 If (L,a) E MPt(P) and (L,a) E MPt(Q), then (L,a) E 
MPt(P + Q). 
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Corollary 4.5.5 Let a be an atom of L. Then (L, a) G MPt(P + (Q) iff(L,a) G 
MPt(P) and (L,a) G MPt(Q). 

Theorem 4.5.6 Let L be an ideal of L. If there is a decreasing matching 

G:T{L p ,F u a)^T{L p ,F 2 ,a), 

then there is a decreasing matching 

o\L p :T{I p ,F 1 ,a)^T{I p ,F 2 ,a). 

Proof. Let a : T(L , Pi, a) —> T(L , F 2 ,a) be a decreasing matching. The 
decreasing matching a t L p : T(L P , F\, a) —> T(L P , Pj, a) is obtained by restrict- 
ing the domain of a to T(J , F\, a). Since / is an ideal and a is decreasing, the 
range of the restriction is included in T(L P , Pj, a). ■ 

Corollary 4.5.7 Let L be an ideal of L. If (L,a) G MPf(P), then (I, a) G 
MPf(P). If(L,a) G MPt(P), then (I, a) G MPt(P). 

Let L\ and L 2 be semilattices. The following theorem generalizes part 
of Theorem 4.2.3. 

Theorem 4.5.8 Let f : L\ — ► ^y\h{L 2 ) be a meet-concave map such that for 
every u, v G L\ with u < v , f(u) ~D f(v). Let a be a join-irreducible of L\. If 
there is a decreasing matching a : T(L p ,Fi,a) —> T(L P , F 2 ,a), then there is a 
decreasing matching 

a' : T( (ii mj L 2 f, P x , {a, h (a)) ) -+ T( (Z-i <* f L 2 f , F 2 , {a, h (a)) ). 

Proof. Let L = L\ mj L 2 . To check that (a,ii(a)) is join-irreducible in L, 
suppose 

(a,ii(«)) = (mi,wi) V l {u 2 ,v 2 ). 

ThenMiVM2 < a. Using /^(a) G f(a) C f{u\\/u 2 ), we obtain ( - wiVM2,i 1 (a)) G P 
Since t_i(a) > v\ V v 2 , 

(mi Vtt 2 ,ii(a)) > («i,^i) V l (u 2 ,v 2 ) = (a,i!(a)), 

which yields Mi Vi*2 = «• Since a is join-irreducible, either Mi = a or 112 = o,. 
Without loss of generality, assume u\ = a. Then, by definition of i l5 v\ > t_i(a), 
so that (ui,vi) = (a,i 1 (a)), as required. 

Let a : T(L p ,Fi,a) —> T(L P , F 2 ,a) be a decreasing matching. For 
g G T(L p ,F 1 ,(a,L 1 (a))), define ct'(#) by 

o-'fiOO) = ( 0"(*"i ° #)0), *2{g{x)) )■ 
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Since a is decreasing, (j(iri o g){x) < iri(g(x)). Using {iri(g(x)), ^2(5(2;))) G L 
and the assumption on /, we get {cr(^i o g)(x),iT2(g(x))) £ L. Since (j{ir\ o g) 
and 7T2 o g are order-preserving functions, so is o'(g). Since <t(7Ti o g){x) > a iff 
a; is in P2, it follows that a' maps T(L P , Pi, (a, /^(a))) into T(Z- P , Pj, (a, /^(a))). 
Since <7 is decreasing, so is <r'. Using the assumption that a is one-to-one, the 
map g can be recovered from cr'(g) by 

g = (o- _1 (7Ti O d'^)), 7T 2 O O"'^)). 

Hence <r' is one-to-one and it follows that a' is the required matching. ■ 

Corollary 4.5.9 Let f : L\ — ► Sub(Z/2) fre a meet-concave map such that for 
every u, v £ L\ with u < v , f(u) D f(v). If L\ £ MPf(P), then L\ mj L 2 £ 
MPf(P). IfL x £ MPt(P), then L x ix/ i 2 G MPt(P). 

Example 4.5.10 Let a; be a minimal member of Q and Q' = Q \ {x}. By 
Example 4.4.2, £** is a subdirect product of i and L® . The associated function 
i\ satisfies that i\(u) 5 i i( v ) \£ u < v. 

Corollary 4.5.11 Let Q be a poset. If L £ MPf(P) then L® £ MPf(P). // 
L £ MPt(P) then L® £ MPt(P). 

This generalizes the part of Theorem 4.2.5 which shows that every distributive 
lattice, i.e. every lattice of the form 2^, has the full matching property. 

4.6 Neighborhoods in Lattices 

Though we now focus on lattices, much of what will be shown can be 
applied to semilattices by completion and use of Theorem 4.5.6. 

Let I be a lattice. By replacing L with the canonical union-closed 
representation J-{L) of L if necessary (Section 4.3), we can assume that L is 
a union-closed family of sets such that £ L and L is generated by the join- 
irreducibles of L. We then have 0^ = and the domain of L is given by lj, = (J L. 

Definition. Let U C \JL. The lattice neighborhood in L of U, denoted by 
A/~l(U), is the join-subsemilattice of L generated by = and the generators a 
of L with a n U ^ 0. 

If U C (J L, u £ L and a; £ u f~l P, then there is a generator a of L such 
that x E a C u. By the definition of lattice neighborhood, a £ A/~l(U). This 
yields the following observation: 

Observation 4.6.1 If u £ L and U C{JL, then ^j\f L m)( u ) C\U = uDU . 

The map ^j^ L m) is the projection of L onto A/~l(U) defined in Section 4.4. 

A sequence of lattice neighborhoods of U which includes increasingly 
more distant generators of L is obtained by iterating Ml'- 
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Definition. Let Afl(U) = N L {U). For n > 1, define 

A r l n+1 (U) = A r L ([JA r l n - 1 (U)). 

Intermediate lattice neighborhoods are given by the ideals generated by 
Ml n+1 (U). For n> 1, define 

Nl n {U) = (m^-^u)] = {V EL\V C [jN^iU)}. 

Let AT®(U) = {u E L\u C U} (the ideal of L generated by U). 

Lattice neighborhoods can be used to characterize subdirect products 
satisfying the conditions of Theorem 4.5.8. 

Theorem 4.6.2 Let L and L\ be lattices. The following are equivalent: 

(i) There exists a semilattice Li and a meet-concave map f : L\ —* 
Sub(i2) such that L = L\ mj i 2 and for every u,v G L with u C v, 
f(u) 5 f(v). 

(ii) There is a subset U of the domain of L such that L\ = A/~l(U) and 
for every u, v G Ml{U), uDU = v DU iff u = v. 

Proof. Assume (i). By Corollary 4.4.12 we can assume that L is the internal 
subdirect product of L\ and Li- Let ~K\ = ttl 1 and 7T2 = ttl 2 be the projections. 
The map / is given by 

f(u) = {^(w) | w G L and tti(w) = u}. 

Let U = \JL \ 1l 2 . Suppose that u,v G L\ and u (~l U = v f~l U. Let u' = 
7Ti(m U 1l 2 ) ^ -^l- Then u C m'. Since ^(w U 1l 2 ) = 1l 2 , the assumption on 
/ implies that there exists w G L such that 7Ti(w) = u and ^(w) = 1l 2 . This 
yields w = it\(w) V ^(w) = m V 1l 2 , hence m = 7Ti(w) = it\(u V l£, 2 ) = w'. 
Similarly, using u U l£, 2 =»U 1_l 2 , we obtain f = u', so that u = v. Note that 
this implies that (Li) n jj = ii. To show that L\ = A/~l(U), suppose that a is 
a join-irreducible of L with a f~l U ^ 0. Since ^(a) C 1^ 2 , ^(a) C a. Since 
7Ti(a) V vr2(a) = a G J(L), vri(a) = a, so that a G L\. By arbitrariness of a, 
L\ D A/~l(U). Let it : A/~l(U) — ► (Li) n jj be the map defined by o(u) = u f] U . 
Since ^M L <U)( U )^U = uDU for every u E L,it follows that cro(irj^ L \ L\) is onto 
(Li)nu- This implies that it is onto (ii) n (7, so that LA/z,(£7) > (i>i)n(7 = |^i|- 
The result follows. 

For the converse, assume (ii). Let Li be the lub-subsemilattice of L 
generated by the join-irreducibles of L disjoint from U . Then L is the internal 
subdirect product of A/~l(U) and Li- Let ~K\ = itj\[ L m\ and 7T2 = ttl 2 - We have 
to show that if u,u' G ATl(U), w G L, tti(w) = u, ^(w) = v and v! C u, then 
there exists & w' E L such that tti(w') = u' and ^(w/) = f . Such a w/ is given 
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by w' = (w \ U) U u' . Since w' \U = w \ U , ^(w/) = ^(w) = v - We have 
7ri(w') f]U = w' f]U = u' f]U , so that by assumption on A/~l(U), tti(w') = u' , as 
required. ■ 

Observation 4.6.3 Let U C{JL. The following are equivalent: 
(i) For every u, v £ A/~l(U), uf] U = v f]U iff u = v. 
(ii) Ml{U)c\U is a union-closed representation of A/~l(U). 
(Hi) There exists V C U such that A/~L(V)r\V ?s an irredundant union- 
closed representation of A/~l(V) and N~l(V) = A/~l(U). 

This implies that every subdirect product of lattices L\ and Li satisfying con- 
dition (i) of Theorem 4.6.2 can be obtained by the following construction. Start 
with the canonical union-closed representation T = J-(Li) of L\ with domain 
U = M(L\) and an arbitrary union-closed representation 7i of Li on a dis- 
joint domain V. Let Q be the (join-irreducible) generators of T . Modify Q by 
adjoining to each non-empty member u of Q a subset V(u) of V: 

Q> = {uUV(u)\ue Q). 

Let T' be the union-closed family of sets generated by Q' . The union-closed 
family of sets T' V 7i is then a subdirect product of the desired kind. 

The conditions of Observation 4.6.3 are satisfied if for some element 
x of the domain of L, x is contained in exactly one generator a of L. Then 
the lattice neighborhood of {x} is the two-element chain {0,a}. Theorems 4.5.8 
and 4.6.2 and the fact that [2] £ MPf(P) imply that L £ MPf(P) for every poset 
P. This can be used to prove the following theorem. 

Theorem 4.6.4 Let h be the height of L. If h = \J(L)\, then L £ MPf(P) for 
every poset P. 

Proof. Let uq = < u\ <,...,<«/ l = lbea saturated chain of L. For each 
i > 0, there is a (non-empty) generator a 8 - C U{ such that a 8 - ^ u i-i- Since h = 
\j(L)\, {ai,...,a^} = J(L). By construction, there exists x £ a^ \ (U;=i a i)- 
Thus the only generator of L which contains x is ah- The proof is completed by 
the discussion preceding the statement of the theorem. ■ 

Note that the proof of Theorem 4.6.4 shows that for every lattice L of 
height h,h< \J(L)\. 

4.7 Lattices with Special Lattice Neighborhoods 

Let L be a lattice and P a poset. 



69 



Definition. The decreasing matching a : T(£ P ,P, a) —> T(£ p ,Gr,a) is a- 
invertible iff for every function / £ T(L , P, a), 

t( x \ = [ e(J)(x)V a ifxeF, 
1 a(f)(x) otherwise. 

Observation 4.7.1 If a : T(L p ,F,a) -> T(L p ,G,a) and p : T(L p ,G,a) -> 
T(£ P ,P, a) are a-invertible decreasing matchings, then so is po a. 

Many of the commonly studied lattices have matchings which are a-in- 
vertible. (see Theorems 4.7.4 and 4.7.9 below). The existence of such matchings 
is completely determined by a neighborhood of a. 

Theorem 4.7.2 Let a £ J(L) and let a : T(L p ,F,a) -+ T(L p ,G,a) be an 
a-invertible decreasing matching. Then the restriction of a to T( (A^(a)) , P, a) 
is an a-invertible decreasing matching into T( (A^(a)) p , G, a). 

Proof. Let / = A^(a). Then / is the ideal of L generated by the union of the 
generators of L which intersect a. As in Theorem 4.5.6, the matching a restricts 
to a decreasing matching a' : T(L P ,F, a) —> T(I p ,G,a). If a is a-invertible, 
then so is a'. ■ 

The converse also holds: 

Theorem 4.7.3 Let a £ J(L) and let V be a join-subsemilattice of L such that 
V D A/z,(a). If o' : T(L , P, a) —> T(L , G, a) is an a-invertible decreasing 
matching, then there is an a-invertible decreasing matching a : T(£ P ,P, a) —> 
T(L p ,G,a). 

Proof. Let B = {b £ ,J(L) \ b n a = 0}. Define a by 

<r(f)(x) = ir B (f(x))U<7'(ir Ll of)(x) 

for / £ T(L p ,F,a) and x £ P. 

Let / £ T(L p ,F,a). Since a £ M L (a) C L' , (ir L , o f)(x) D a iff 
f(x) D a. This implies that ir^i o / £ T(L' P , P, a), so that cr(f) is well-defined. 
Since / is order-preserving, so are ttb ° f and (j'(ttl' ° /), whence cr(f) is order- 
preserving. Since ^(/(ai)) fl a = 0, a(f)(x) D a iff ct'(7T£,/ o f){x) D a, which 
implies that ct(/) £ T(i , G,a). Since ct'(7T£,/ o f)(x) C (7T£,/ o /)(#), we have 
a (f)( x ) ^ /(^O f° r eac h a; £ P, so that u is a decreasing map from T(L ,F,a) 
into T(i p ,Gr,a). It remains to show that <7 is a-invertible. Let a; £ P. Since <r' 
is a-invertible, ct'(7T£,/ o f){x) U a = (7r^/ o f){x). Therefore, using the fact that £ 
is the internal subdirect product of Gl{B) and £', 

a(/)(a;) U a = 7r B (/(a;)) U ^/(/(a;)) = /(a:) 

as required. ■ 
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Definition. Let C be a class of lattices and U C {JL. Then V is a 
C -neighborhood of U iff L' is a join-subsemilattice of L such that £' D Ml{u) 
and £' G C. If C is the class of lower semimodular (geometric, etc.) lattices, a 
C-neighborhood is called a lower semimodular (geometric, etc.) neighborhood. 

Definition. The member u of L is lower semimodular iff for every v,w E L 
such that v covers u, either v Aw covers u Aw or v Aw = u Aw (see Figure 4.3). 




u A w = v A w 




v A w 



u Aw 



Figure 4.3 

Note that L is lower semimodular iff every u G L is lower semimodular. 

Theorem 4.7.4 If L has a lower semimodular coatom c, then for every a G 
J{L) with a ■£. c, (L,a) G MPt(P) where the matchings are a-invertible. 

Observe that since 1 = V J(L), there is at least one join-irreducible a G L such 
that a ■£. c. 

Proof. Let r] : [a) — ► L \ [a) be the map given by i](u) = u A c for u G [a). 

Lemma 4.7.5 The map r] is an order-preserving, decreasing matching and for 
every u G [a), i](u) V a = u. 

Proof. The fact that r] is decreasing and order-preserving follows by defini- 
tion. The element 1 covers c, hence, by lower semimodularity of c and since 
hAc/m, u = u Al covers i](u) = u Ac. We have i](u) < i](u) V a < u and since 
i](u) G" [a), i](u) Va/ r l( u )- Therefore i](u) V a = u. This also shows that r] is 
one-to-one. ■ 

Let F be a filter of P. Then r] induces a decreasing matching a : 
T(L P , P, a) -► T(L P , F, a) defined by 



"(/)(*) 



f(x) if x £ F, 
il(f( x )) otherwise, 
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for / G T(Z. P ,P, a) and x £ P. The properties of 77 imply that if / is order- 
preserving, then so is cr(f). The identity i](u) V a = u implies that a is a- 
invertible. ■ 

Corollary 4.7.6 If L is a non-trivial lower semimodular lattice, then L £ 
MPt(P). 

Proof. If c is a coatom of L, then c is lower semimodular and there exists a 
proper join-irreducible a ■£. c. ■ 

Theorem 4.7.7 If the dual of L is a geometric lattice and a £ J(L), then 
(L,a) £ MPf([n]) where the matchings are a-invertible. 

Proof. The dual of L is geometric iff L is coatomic and lower semimodular. 
Every u £ L is the meet of the coatoms above u. This implies that for every 
u £" [a), there exists a coatom j(u) > u with j(u) £" [a). 

To prove the theorem, it suffices to construct a-invertible decreasing 
matchings a k : T(D- n \ [k, n], a) —> T(D- n \ [k + l,ra],a)for 1 < k < n. The other 
matchings are obtained by composition. 

Let / £ T(L^,[k,n],a). Let /(0) = 6. Define a k (f) by 

n( nm-l f(k)Ai(f(k-i)) ai = k, 

k[I)[ > - \ f(i) otherwise, 

for i £ [n]. Then a k (f) £ T(L^,[k+ l,n],a) and a k (f) < f (in Z-H). By 
Lemma 4.7.5 and since a k (f)(k — 1) = /(& — 1), / can be recovered from (Jk(f) 

by 

f(i) = I ak ^ k ) v ^MJ\ k - 1) ) if* = *, 
1 ak(f)(i) otherwise, 

for i £ [n]. Thus u^ is as required. ■ 

Theorems 4.7.3 and 4.7.7 yield: 

Corollary 4.7.8 If a £ J(L) has a dually geometric neighborhood, then (L, a) £ 
MPf([ra]). 

Theorem 4.7.9 If L is a geometric lattice and a is an atom of L, then (L, a) £ 
MPf([ra]) where the matchings are a-invertible. 

Proof. As in the proof of Theorem 4.7.7, it suffices to construct a-invertible 
decreasing matchings a k : T(Z-^, [k, n], a) —> T(Z-^, [k + 1, n], a) for 1 < k < n. 
Let / £ T(Z.H, [k, n],a). Let /(0) = 6. Since f{k - 1) ^ a, f{k - 1) < 
/(A;). Let A be an independent set of atoms such that \/ A = f(k — 1) (see 
Theorem 2.5.3). Then A U {a} is independent. Let B be an independent set 
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of atoms such that B D A U {a} and \J B = /(»• Let B' = B \ {a}. Then 
V-B' > f(k) and \J B' ~£ a. Furthermore, \J B' V a = f(k). Define d fc (/) by 

<WJW - | j^ otherwise7 

for i £ [n]. Then a k (f) £ T(iW, [k + 1, ra], a) and a k (f) < f (in Z-M). The map 
/ can be recovered from (Jk(f) by 

f(i) = { Gk (f)( k ) V a if i = k, 

\ a k(f)(i) otherwise, 

for i E [n]. Therefore, a k is as required. ■ 

Theorems 4.7.3 and 4.7.7 yield: 

Corollary 4.7.10 If a £ J(L) has a geometric neighborhood, then (L,a) £ 
MPf([ra]). 

4.8 The Density Perspective 

Let P and Q be posets. 

Definition. The P-size of Q is the cardinality of Q p . 

The notion of P-size is a generalization of cardinality. The [l]-size of 
Q is the cardinality of Q and the [ra]-size of Q is the number of multichains of 
length n — 1 of Q. 

If S is a subset of T, then the density in T of S is the ratio y of the 
cardinalities of S and T. More generally, if we have a size measure w for the 
members of a class of structures and S is a substructure of the structure T in 
the class, then the w-density in T of 5 is the ratio ™/ T l ■ We formalize this for 
posets and P-sizes. 



R p 



of the 



Definition. If R C Q, then the P -density in Q of R is the ratio 

P-sizes of R and Q. If x £ Q, then the P-density in Q of a; is the P-density 
of the principal filter [x) generated by x. If P is the one-element poset [1], the 
prefix 'P-' is dropped. 

Let L be a semilattice. Let p = [2] . Thus p is the number of filters 
of P. 

If L has one of the (downward) matching properties for P, then there 
is a join-irreducible a £ L such that the P-size of [a) is at most - times the 
P-size of L. In other words, there is a join-irreducible a with P-density in L at 

most -. 

p 

If the join-irreducible a of L has density in £ at most ^, then (Z-, a) £ 
MPw([l]). The corresponding statement for posets other than [1] may not hold. 
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Definition. The pair (L, a) has the P -density property iff a is a join-irreducible 
of L with P-density in L at most -. The semilattice L has the P -density property 
iff there is a join-irreducible a E L such that (L, a) has the P-density property. 

Whether all non-trivial (semi-)lattices have the P-density property is 
unkown. 

The problem of finding bounds for the minimum P-density of the filters 
generated by join-irreducibles can also be pursued from the following perspective. 
Let C be a class of semilattices. Define min(0) = oo and max(0) = 0. 

Definition. For n > 0, define 

h(C,P,n) = min{ \l p \ \ L G C and for every a G J(L) U {6}, \[a) p \ > n}. 

Thus h(C,P,n) is the minimum P-size of a semilattice in C with the property 
that the P-size of each principal filter generated by a join-irreducible is at least 
n. For n > 0, define 

h(C,P,n) = max{U P | | L G C and for every a G J(L) U {6}, \L P \ [af\ < n}. 

Thus h(C, P, n) is the maximum P-size of a semilattice L in C with the property 
that for every join-irreducible a G L, the number of order-preserving maps / : 
P — ► £ of type other than (P, a) is at most n. 

The functions /i and h are related by 

if h(n) = n + to, then /i(to) > ra + to, 
if /i(to) = n + to, then /i(ra) < ra + to, 

where the arguments C and P have been omitted. Since h and h are increasing 
in the last argument, this implies that: 

max{/i(ra) | h(n) < n + to} < /i(to) < m + maxjra | /i(ra) < ra + to}, 
ra + min{m | h(m) > n + to} < /i(ra) < mm{h(m) \ h(m) > n + to}. 

This does not completely determine one function in terms of the other. 

Observation 4.8.1 The following are equivalent: 

(i) Every non-trivial semilattice in C has the P-density property. 

(ii) For all n > 2, h(C, P, n) > pn. 

(Hi) For all n > 1, h(C, P, n) < (1 + ~zi)n. 

To prove that (ii) implies (i), observe that if L is a non-trivial semilattice then 
\L P \ > p. This implies that every non-trivial semilattice L with a join-irreducible 
a such that [a) = 1 (i.e. a is maximal) has the P-density property. 
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Let L be the class of all semilattices. Since every semilattice has at 
least one element, h(C,P,0) = h(C,P,l) =1. If L is a non-trivial semilattice 
and a £ J(L), then \L P \ [a) p \ > p — 1 (count the order-preserving maps / : 
P — ► {0, a}). This implies that h(C, P,n) = 1 for < n < p — 1. 

If £ is a semilattice with |i| > 3, then £ has either at least two 
atoms or a non-atomic join-irreducible. In either case, there is a join-irreducible 
a with an element b £ L \ [a) such that 6^0. The set L p \ [a) p includes 
p — 2 maps j : P —f L onto {0, a} and p maps f : P —* L into {0,6}. Thus 
\L P \ [a) P \ > 2p — 2. Using the two-element lattice as an example, we obtain 
h(C, P,n) = p for p — 1 < n < 2p — 2. 

If for every join-irreducible a £ i, [a) > 2, then no maximal member 
of L is join-irreducible, so that L contains a subset (order- )isomorphic to the 
four-element Boolean lattice B^- This implies that \L P \ > p 2 . Using B^ as an 
example, we obtain h(C, P, n) = p 2 for 2 < n < p. 

In summary: 

Observation 4.8.2 For < n < p — 1, 

h(C, P, 0) = h(C, P, 1) = h(C, P, n) = 1. 

Por 2 < n < p, 

h(C,P,n) =p 2 

and for p — 1 < n < 2p — 2, 

h(C, P, n) = p. 

The best known general bounds on h are given in Section 4.10. 

Before continuing the study of the P-density property and the functions 
h and h, consider the function g defined as follows. 

Definition. For n > 0, define 

g(C, P, n) = min{ \L P \ \ L £ C and for every a £ J(L), \T(L P , 0, a) > n}. 



Thus ^(C, P, n) is the minimum P-size of a semilattice L in C with the property 
that for every proper join-irreducible a £ L, the number of maps of type (0,a) 
in i p is at least n. 

The values of g for the class of semilattices are more easily obtained 
than the values of h. 

Theorem 4.8.3 Let n > 1. If P has a greatest element 1, then 



g(C,P,n) 



([^t1 + 1 ) Cp - 1) + l 



75 



Proof. Let m = f 22 ^] • To show that g(£, P, n) < (ra+l)(p — 1) + 1, consider 
the semilattices M^ of Example 4.2.6. Since P has a greatest member, the P-size 
of Mk is k(p — 1) + 1. Let a be an atom of M m +\. Then the complement of [a) 
is isomorphic to M m . Therefore, the number of maps / £ M^ +1 of type (0,a) 
is m(p — 1) + 1 > n. The P-size of M m+ i is (to + l)(p — 1) + 1, which is the 
right-hand side of the equality in the statement of the theorem. Observe that if 
k < m + 1, then \T(Mj? , 0, a) < (to — l)(p — 1) + 1 < n for every atom a of M^. 
To show that g(C, P, n) > (ra+l)(p— 1) + 1, suppose that the semilattice 
L has at least n maps / £ L of type (0,a) for every a £ J(L). Suppose that 
L has a non-maximal atom a and let b > a. There are p — 1 order-preserving 
maps / : P — ► {0, 6} such that 6 is in the range of / and p — 1 order-preserving 
maps / : P — ► {0, a} such that a is in the range of /. Therefore the number of 
maps / £ L not of type (0,a) is at least 2(p — 1). This implies that unless L 
is isomorphic to Mj~ for some k, the P-size of L is at least n + 2(p — 1). Since 
n + 2(p — 1) > (to + l)(p — 1) + 1, the theorem follows. ■ 

4.9 The [n]-density Property for Large n 

Let L be a non-trivial lattice. 

Theorem 4.9.1 There exists m £ N swc/j £/ia£ /or all n > m, L has the [n]- 
density property. 

Proof. Let h(P) denote the height of the poset P and let c 8 (P) denote the 
number of (proper) chains of length i of P. Let h = h(i). 

The proof of the theorem requires the following result from the combi- 
natorics of posets: 

Lemma 4.9.2 Let P be a poset. Then 

HP) 



h(P) / 

|p [n+1 H = £ c,-(p)r 

8 = V ' 



The sum on the right-hand side is known as the Zeta polynomial of P (see 
Stanley [41]). 

Proof. The chains of length i of P are the subsets of P isomorphic to [i + 1]. 
Since the number of order-preserving maps from [n + 1] onto [i + 1] is given by 
( n ) and since the image of every order-preserving map / : [ra+ 1] ^ P is a chain, 
the result follows. ■ 

By rewriting ( n ) as ^f 1 , Lemma 4.9.2 shows that |p[ n+1 ]| is a polyno- 
mial in n of degree h(P), where the coefficient of n ( ' is given by yp)\ • 

By Theorem 4.6.4 we can assume that h < \J(L)\ (otherwise L £ 
MPf(P) for every poset P, and we are done). 
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First suppose that there is a join-irreducible a £ L such that h([a) ) < 
h — 2. Since the degree of [a)[ n+1 l as a polynomial in n is h([a) ) < h — 2 while 
the degree of |it n+1 ]| is /i, 

|[a)[ n+1 ]| 
lim (n + 2)-^ -J- = 0. 

Since the number of filters of [n + 1] is n + 2, this implies that (L,a) has the 
[n + l]-density property for all sufficiently large n. 

Now suppose that for every join-irreducible a £ L, h( [a) ) > h — 1 . 
Then L is atomic, so by assumption on L, L has at least h + f atoms. Every 
chain C of length h of L consists of followed by a chain C" = C \ {0} of length 
h — 1 of [a) for some atom a of I. This shows that 

c h(L) = J2 c/^iQa)), 

a£j(L) 

so that for some atom a £ i, c/ l _i( [a) ) < ^j-c^(i). For this atom, [a)[ n+1 l is 
a polynomial of degree h — 1 in n, so that 

lim(ti+ 2) M = o-( [.»<_>_ <L 

™^~ V ; |x[«+i]| c /l (i)//i - h + 1 

Thus (L,a) has the ra-density property for all sufficiently large n. ■ 

4.10 A Bound on the Minimum P-density of Join-irreducibles 
Definition. A multi-(semi)lattice (L,a) consists of a (semi)lattice L and a 
multiplicity function a : L — ► P . For u E L, a(u) is the multiplicity of m in 
(i,a). For M C L, the (a-) cardinality of M is given by 

|M|„= £ a(«). 

Note that every semilattice i can be considered as a multi-semilattice 
(L, a) where a(u) = 1 for u E L. 

Let P be a poset and L a lattice. Let p be the number of filters of P. 

Theorem 4.10.1 Let (L , a) 6e a multi-lattice with a(l L p) = 1. Let n > 1 . If 
for every join-irreducible a £ L, \L P \ [a) p \ a < n, then \L p \ a < M(n), where 
M(n) is defined by 

max{A;ra — p (k(p — 1 ) — p) 
M(n)=\ \k>l andp k ~ 1 (p-l) <n} ifn>p-l, 

1 otherwise. 

This bound is best possible. 
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Asymptotically, M(n) ~ ralog (n) (Theorem 4.10.5). 

Proof. Suppose that for every join-irreducible a £ £, \L \ [a) L < ra. It 

will be shown that \L \ a < M(n). 

Consider first the case n < p — 2. If |i| > 2, then for every proper 
join-irreducible a £ £, It \ [a) L > \L \ [a) \ > p — 1 (count the number of 
maps / : P — ► {0, a} with in the range of /). Therefore, given that n < p — 2, 
L must be the one-element lattice, and since a(l L p) = 1, |i p | a = 1 = M(n). 

Now assume that ra > p— 1. Then M(n) > n-\- 1. Hence we can assume 
that |i| > 2. We reduce the problem to the case where L is a Boolean lattice. 

Let M be a minimal subset of «/(£) with \J M = 1. Since £ is non- 
trivial, M 7^ 0. Let _B = 2 M and k = \M\. Then _B is a Boolean lattice generated 
by k atoms. Let it : L — ► _B be the restriction map defined by 

tt(m) = in (u\. 

Lemma 4.10.2 The map it is onto B. 

Proof. Let N C M. We have Tr(V-AT) 5 AT and \/ir(\/N) = \/ N . Consider 

V(iVU(M\7r(\/iV))): 

V(iVU(M\7r(\/iV))) = (ViV)V(V(M\7r(\/iV))) 

= (Vvr(ViV))V(V(M\7r(ViV))) 

= v^ 
= i. 

Minimality of M implies that N U (M \ vr(\/iV)) = M, hence xty N) = N, as 
desired. ■ 

Since 7r : L —> B is order-preserving, 7r induces a map 7r : L —> B 
defined by 

*{f) = t o /, 

for / £ i . The map ¥ is onto B . To see this, let a : B —> L be the order- 
preserving map defined by cr(N) = \/ N for N C M. If g £ -B p , then <J o g £ i p . 
By the proof of Lemma 4.10.2, 7r(<r(iV)) = N, so that 7r(<7 o g) = g for every 

Let (B p ,(3) be the multi-lattice defined by 

/%)=|{/ W) = ff}|a- 

Since 7r is onto, (3(g) > for every g £ _B P . Since \J M = lj,, we have 7t(m) = 1# 
iff m = lj,, which gives 7f(/) = l B p iff / = l^p- Thus /3(l B p) = a(l L p) = 1. Let 
a £ M, so that {a} is an atom of B. If /i £ i and 7t(/j) £ _B \ [{«}), then 
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h £ L \ [a) . This implies that for every atom {a} of P, P \ [{«})/? < n. 
Since |P P |,3 = |i P |a 5 the reduction is complete. 

It is now shown that we can assume every g £ B with (3(g) > 1 is a 
coatom of B p . The coatoms of B p are given by the functions g^, x where a is 
the complement of an atom a £ P, x is a minimal member of P and 



a if y = x, 
1 otherwise, 



9a,x{v) = 

for y E P. 

Let C be the set of coatoms of B p . Suppose that g £ B p \ C and 
(3(g) > 1- Let g Tl)X be a coatom with g Tl)X > g. Let (3 be modified to the 
multiplicity function (3' defined by 



W) 



1 if / = 9, 

(3(f) + (3(g) - 1 if / = </„,*, 
/?(/) otherwise, 



for / £ P p . Then \B p \ p , = \B p \ p , /3'(1 b p) = /3(1 b p) = 1, and since g- a , x > g, 
for every atom be B, \B P \ [b) p \ p , < \B P \ [b) p \ fj < n. 

If we successively perform this modification for every g £ B p \ C, then 
the resulting multiplicity function has the desired property. 

Let m be the number of minimal members of P. Then \C\ = mk. We 
have \B P \ = p k (Example 4.2.4). Let r be given by 

r = \B p \ p -\B p \ 
= \B p \p-p\ 

so that r is the total excess multiplicity of B p . Since every map / £ B p with 
(3(f) > 1 is a coatom, 

r=\C\p-\C\. 

Let a be an atom of B. Since [a) is a Boolean algebra generated by 
k — 1 atoms, [«) P = p k ~ 1 . If g £ C \ [a) p , then g = g^^ for some minimal 
x £ P. This implies that the family {C \ [b) p \ b is an atom of B} partitions C 
into k sets of cardinality m. Let 

s(a) =\C\ [a) P \p - to, 

so that s(a) is the total excess multiplicity of C \ [a) p . 

Let a be an atom of B such that s(a) is maximal. Then r < ks(a). We 
have 

\B p \[a) p L=p k -p k - 1 + s(a)<n, 
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and 

\B p \ p =p k + r<p k + ks(a). 

The first inequality yields ks(a) < k(n—p(p—lj). Using the second inequality, 
we obtain 

(*) \B P \p < p k + k{n-p k -\p-l)) 

= kn - p k ~ 1 (k(p- 1) - p). 

Since kn — p (k(p — 1) — p) < M(n), this completes the proof of the bound. 

To see that the bound is best possible, observe that if s(a) = n — 
(p (p — 1)) for every atom a £ _B, then equality holds in (*) and for every 
atom a £ _B, \B P \ [a) p \p = n. Thus |-Bfc|,3 = M(n) for some k and fi. ■ 

Let B k = B k \ {1}, where B k is the Boolean lattice generated by k 
atoms. Let S k = \B P \ (B° k ) p \, so that \(B° k ) p \ = p k - S k . 

Theorem 4.10.3 If P has a greatest member or k = 1, then b k = (p — 1) . In 
general, b k < (p — l) k ■ 

Proof. Suppose that P has a greatest member lp. Then / £ B P \ (B k ) p 
iff /(i P ) = i Bk . Thus \B P \ (B° k ) p \ = \B P °\ where P° = P \ {l P }. Since the 
number of filters of P° is p — 1, b k = (p — l) k . 

Suppose that P does not have a greatest member. Consider first the 
case k = 1. Since B\ = [2], the maps in B p \ (B^) p are determined by the 
non-empty filters of P. Thus ^i = (p — 1). For k > 2, let 7r 8 - denote the 
projection of B k onto the i'th component of the representation B k — B\ = [2] k . 
Consider the family F of maps / £ B P such that for each i £ 1, . . . , &, there is 
an x £ P with ir t (f(x)) = 1. Then F D B P \ (B° k ) p . Since F ^ (B p \ (B%) p ) k , 
h< \F\ = (p-l 



\k 



Theorem 4.10.4 Let (L p ,a) be a multi-semilattice where L is a semilattice 
with no greatest member. Let n > 1. If for every join-irreducible a £ L, 
\L P \ [a) p \ a < n, then \L p \ a < M°(n) where M°(n) is defined by 

M°(n) = max{kn-p k - 1 (k(p-l)-p) + (k-l)S k -kS k _ 1 

| k > 2 and p k ~ 1 (p - 1) - 6 k + 6 k _ t <n}. 

Fhis bound is best possible. 

The requirement that k > 2 in the expression being maximized implies 
that for n < p(p— 1) — <*>2 + <*>i7 M°(n) = (using the convention that max0 = 0). 
This reflects the fact that if L is a semilattice with no greatest member, then L 
has two incomparable join-irreducibles a and 6, so that 

\L P \ [af\ > \{a,b,6} p \ [af\ = (p 2 - 6 2 ) - (p - S,). 
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Asymptotically, M°(n) ~ M(n) ~ ralog (n) (Theorem 4.10.5). 

Proof. Let L = L U {1l} be the completion of L, where 1^ is a new greatest 
element for L. We have L > 4. We can perform the reduction to the Boolean 
lattice B as in the proof of Theorem 4.10.1, using L instead of L. We obtain the 
multi-semilattice ((B ) , fi) where B° = B\ 1#. Let k be the number of atoms 
of B. Since 1^ is not join-irreducible, k > 2. 

Let C be the set of maximal members of (B°) . Then C consists of the 
maps g Tl : P —f B° where a is the complement of an atom a £ B and ga(x) = a 
for every x £ P. We can assume that if (3(g) > 1 then g E C (this follows as in 
the proof of Theorem 4.10.1, using the maps g Tl instead of the maps gr 1)X )- 

Since B° = B%, \(B°) \ = p — 6^. Thus the total excess multiplicity 
r is given by: 

r = \(B°)% - \(B°) P \ = \(B°)% - (/ - h). 

Since every map / £ (B°) with (3(f) > 1 is maximal, 

r=\C\f}-\C\. 

Let s(a) = fi(ga) — 1- Choose an atom a £ B such that s(a) is maximal. Since 
C \ [a) p = {g u }, we have 

\(B°) P \ [a) p \p = (/ - S k ) - (/- 1 - 4-i) + s(a) < n. 

Since \C\ = k, we have r < ks(a), which yields 

\(B°) p \p = p k - h + r < p k - h + ks(a). 

The first inequality gives ks(a) < k(n — p (p — 1) + (Sk — Sk-i)). Using the 
second inequality, we obtain 

(*) \(B°) P \ f 3 < p k -S k + k(n-p k - 1 (p-l) + (S k -S k _ 1 )) 

= kn- p^HHp -l)-p) + (k- l)S k - k6 k _ x . 

Thus [(P ) 13 !/? < M°(n). 

If s(a) = n — (p k ~ 1 (p — 1)) + (6 k — S k _i) for every atom a £ _B, then 
equality holds in (*). This implies that the bound M(n) is attained by (B k ,(3) 
for some k and fi. ■ 



Theorem 4.10.5 



M(n) = ralog p (ra)(l + o(l)), 
M°(n) = ralog p (ra)(l + o(l)). 
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Proof. Define the functions /, f°, c and c° by 

f(k) = kn-p k - 1 (k(p-l)-p), 

f°(k) = kn-p k - 1 (k(p-l)-p) + (k-l)S k -kS k _ 1 , 

c(k) = p k -\p-l), 

c°(k) = p fc - 1 ( p -l)-4 + 4_ 1 . 

Then 

M(n) = m&x{f(k) \ k > 1 and c(k) < n}, 
M°(n) = max{f(fc) | k > 2 and c°(k) < n}. 

Since b k < (p — 1) (Theorem 4.10.3), either one of c(k) < n and c°(k) < n 
implies that 

(*) p k - 1 {p-l)-{p-l) k - 1 p<n. 

We show that (*) implies k < log (n) + 2 for n sufficiently large. Suppose that 
k > log p (n) + 2. Then 

p k -\p-l)-(p-l) k -ip = p(p-i)(/-2_(p_i)*-2) 

> p(p- ^(n-n 10 ^^ 1 )), 

where we used the fact that p — (p — 1) is increasing in k. Since p > 2 and 
^QgplP- 1 ) = o(ra), it follows that p(p — l)(ra — n log p( p_1 )) > n for n sufficiently 
large. 

Let 2 < k < log (n) + 2. Then p k ~ 1 (k(p — 1) — p) > 0. Thus we can 
estimate /(A;) by 

f(k) < nlog p (n) + 2ra = nlog p (n)(l + o(l)). 

For k = 1, /(A;) = n + 1, hence 

M(n) < ralog p (ra)(l + o(l)). 

Using 6k < (p — l) fc , we get 

f°{k) < n log p (ra) + 2n + (log p (ra) + l)(p - l) 2 ^ ^" 1 ) 
= nlog p (n)(l + o(l)), 

which yields 

M°{n) < ralog p (ra)(l + o(l)). 

To show that the bounds on M(n) and M°(n) are asymptotically opti- 
mal, let k n = log (n) — log Jt n ), where t n is any sequence such that lim^^oo t n = 
oo and t n = o(n). Then 

k n n = ralog (ra)(l + o(l)) 
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Tl lo££ ( Tl ) 

Kp k n = ^ > {l + o(1)) = ( TC io gp ( TC )). 

This implies 

f(k n ) > ralog p (ra) - o(n\og p (n)) 

and 

f°{K) > nlog p (n) - o(n\og p (n)). 

Since p n = o(n), the constraints c(k n ) < n and c°(k n ) < n are satisfied for 
sufficiently large n. The result follows. ■ 

Let L be the class of all lattices and S the class of all semilattices. 
Since L and S can be considered as subclasses of the class of multi-lattices and 
the class of multi-semilattices respectively, we have the following corollary of 
Theorems 4.10.1 and 4.10.4: 



Corollary 4.10.6 



h(C,P,n) < M(n), 

h(S,P,n) < max(M(ra),M°(ra)). 



Neither bound is exact. For example, suppose that 3<p<n<2p — 2. 
By Observation 4.8.2, h(S, P, n) = h(C, P, n) = p. Since 

2p - 2 = p(p - 1) - (p - l) 2 + (p - 1) < p(p -l)-6 2 + 6 u 

it follows that M°(n) = 0. If k > 1 and p k ~ 1 (p - 1) < n, then k = 1, so that 
M(n) = n + 1 > p. 

4.11 Union-closed Families of Sets Generated by Graphs 
Definition. The family of sets Q is a graph iff for every U G Q, \U\ < 2. The 
members of Q are referred to as edges. The graph £/ is simple iff for every U G Q, 
\U\ =2. For x E[jQ, the degree in ^ of a; is 

dg(x) = \Qd{ x }\- 

If P is an edge of G, the degree in Q of U is 

d e (p) = \{veg\{u}\vnu^9}\. 

Definition. Let T be a union-closed family of sets. Let G(J-) denote the family 
of generators of T and define J (J 7 ) = G(J-) \ {0}. The closure in T of the set 
X is given by 
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(This agrees with the notation for projections onto lub-subsemilattices intro- 
duced in Section 4.4.) The set of isolated elements of X is 

vr^(X) = X \ -kf{X). 

In terms of hypergraphs, W^(X) is the set of isolated points of the hypergraph 
{Fcx,X). 

Observation 4.11.1 Let T be a union-closed family of sets. The following are 
equivalent: 

(i) U £ T, 

(a) mu) = u, 

(Hi) Tr(U) = 0. 

In this section we will prove: 

Theorem 4.11.2 If J 7 is a union-closed family of sets such that {I £ J and 
J{J~) is a non-empty graph, then T has the density property. 

Let T be a union-closed family of sets such that £ T and let U C |J T . 
Recall that A/~f(U) (the lattice neighborhood in T of U) is the union-closed 
family generated by the empty set and the members V of J (J 7 ) with V (~l U ^ 0. 
The third lattice neighborhood is given by N"jr{U) = M^{\JJ\f^{U)). 

To prove Theorem 4.11.2, we develop a technique for estimating the 
density of T^u in 3~ '• This estimate depends only on the third lattice neighbor- 
hood Afjr(U). The estimate will be used to show that if J(J-) is a graph and 
U £ Q = {V £ J(J-) \\V\ = 2} has minimal degree in Q, then (J 7 , U) has the 
density property (Theorem 4.11.28). 

Definition. Let 7i be a family of sets. The density in 7i of the set X is 

Thus pfi(X) is the density ofTC^x in 7~t- The reciprocal of pfi(X) is denoted by 
(i)n(X). Let p = pr(U). 

Definition. The union-closed family T' is a (conservative) extension of (J 7 , U) 
iff there is a non-empty union-closed family of sets 7i such that (U^) H ?7 = 
and T' = T M U. 

Associativity of V for families of sets yields: 

Observation 4.11.3 The extension relation is transitive; i.e. if T\ is an ex- 
tension of (J 7 , U) and Ti is an extension of (J-\, U), then Ti is an extension of 
(T,U). 
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Since T = TV {$}: 
Observation 4.11.4 T is an extension of(J-,U). 
Definition. Let 

■4- = mf{(-)^i(U) | T' is an extension of (J- ', U)}. 

Observation 4.11.5 ± < -. 

p — p 

Observation 4.11.6 If U G J(T) and = > 2, £/ien (T,U) has the density 
property. 

The goal is to find lower bounds on -Jr in terms of the local properties 
of T at [/". To this end, let T' be an (arbitrary) extension of (J 7 , U) and consider 



(DAU) lrl 



■pi 



Definition. For X n U = 0, let 

2>(X) = {YCP|IU7e J"'}. 
We have 



|^|= £ |?>(X)| 
and 



xe^ 



I "2^ I - | W|' 

where equality holds if U E. J- (since J 7 ' is closed under union with members of 
T). This gives 

(*) (i)r>(U) > ^-n — '• 

| W| 

Note that if U G J' 7 , then this is an identity, so that - < 2' u '. We will determine 
a lower bound for Tjr/(X) which is independent of J-'. 

Lemma 4.11.7 let X G T(tj. IfY CU satisfies 

(i) tt t (X UY)f]U = Y, 
(ii) tt t (X UY)D tt t (X UU)\U, 
then X U Y G T 1 . 
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Conditions (i) and (ii) are independent of J-'. Observe that (i) is equiv- 
alent to 

tf^(x u Y) n u = 

and (ii) is equivalent to 

Tr(X\J Y)\U CTr(X\JU). 

Lemma 4.11.10 below gives conditions equivalent to (i) and (ii) in terms of the 
family of generators of T . 

Proof. Since X £ Fly, there exists Z C U such that X U Z £ T' . Since T' is 
an extension of (J 7 , U), there is a union-closed (non-empty) family 7i such that 
(U U) n U = and T' = T M U. We have IUZ=AU5for some A £ T and 
Ben. We can assume that A = tt t (X U Z). Let A 1 = tt t (X \JY). By (i), 
A' nil = Y. If we can show that X\A' C B, then X U Y = A' U B £ J"' and 
we are done. 

Let x £ X \ A 1 . Then a; £ 7r>(X UF)\f/. By (ii), x £ 7r>(X U C/") \ U. 
Since ZC[f, ?r>(X U U) C ?r>(X U Z), which yields a; £ ?r>(X UZ)\U. Since 
7fjr(X U Z) \ U = X \ A C B, we have x £ B, as desired. ■ 

Definition. For every set X with XfW = 0, let E^ t jj(X) consist of the subsets 
Y of U satisfying the conditions of Lemma 4.11.7: 

Er tU (X) = {Y C U | vr^(X UY)nP = F and 

7T^(X U Y) D TT T (X U C/) \ U}. 
Let £(X) = E T)U (X). 

Example 4.11.8 Suppose that T is the union-closed family of sets generated 

by the edges of the graph depicted in Figure 4.4 and the empty set. 

Then 

J(F) = {{«' & }> i x i> «} 5 i x 2, a}, {x 3 , a}, {x 3 , b}, {x 4 , b}, {x 4 , x 5 }j. 

Let U = {a, b}. We have 

E({x 4 ,x 5 }) = {0,{6},{a,6}}, 

E({x 3 }) = {{«},{&},{«,&}}, 

E({x 1 ,x 4 }) = |{a,6}|. 

By Lemma 4.11.7, E(X) C Tjn(X) for every X £ Fly. Using inequal- 
ity (*), we get 

ZxeT {u \E(X)\ 



:**) ( l )MU) > 



T' 
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Figure 4.4 



Definition. Let 



Vt,t'(U) 



Zxef {u \E(X)\ 



T' 



Let fljri = [J,jr t jri(U). 

By inequality (**): 

Observation 4.11.9 [i T , < (-)^(U). 

We can define E(X) in terms of the set of generators of T . 

Lemma 4.11.10 The set Y is in E(X) iff 

(if for every x £ Y there exists V £ J{fF) with x E V C X UY , 

(ii)" for every V £ J (J 7 ), ifV\U C X , then for every x £ V \ U there 
exists V £ J(T) with x £ V C (X U Y). 

Proof. In fact, condition (i) of Lemma 4.11.7 is equivalent to (i)' and condi- 
tion (ii) of Lemma 4.11.7 is equivalent to (ii)". 

If x £ W £ J-, then there is a generator V £ J{J~) such that x £ V C 
W. This implies that ir T (X UY)nU = Y itf (i)' holds, hence (i) iff (i)'. 

Suppose that X and Y satisfy (ii). Let V £ J (J 7 ) and V \ U C X. 
ThenF C ir T (XUU). By (ii), ir T (XUY) D vr^-(XU C/")\ C/". Hence, if a; £ V\U, 
then a; £ vrjr(X U Y), which implies that there is a generator V' of .F such that 
xeV CXUY. Thus (ii)" holds. 

Conversely, suppose that X and Y satisfy (ii)". We show that tt^(X U 
Y) D Trjr(X UU)\U. Let x £ ttjt(X UU)\U. Then there exists V £ J(T) such 
that leFCIUf/. We have V \ U C X, so by (ii)", there exists V £ J(J") 
with x E V' C X UY . This implies that x £ 7Tjr(X U Y), as desired. ■ 
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Definition. The neighborhood in T of a set X is given by 
Nr(X) = X U U{^ G J(^) | V n X ^ 0}. 

Let N = N T (U) and N 2 = N T (N T (U)). Observe that if U G J r , then JV = 
UA^(C/) and N 2 = \JM%(U). 

Lemma 4.11.11 The family T is an extension of (M^-(U), U). 

Proof. Let 7i be the union-closed family of sets generated by the empty set 
and the generators V of T with V g" Af^(U). Then T = Af^(U) V U and 
(U^) n U = 0. (This expresses T as the internal subdirect product of Afjr(U) 
and 7i, see Section 4.4.) ■ 

Theorem 4.11.12 Let J 7 ' be an extension of(J-,U). Then 

Proof. By Lemma 4.11.11 and Observation 4.11.3, T' is an extension of 
(A/~^(U),U), so that fj,jj-3 <jj\ jri{U) is well-defined. By Lemma 4.11.10 and by 
definition of Af^r(U), whether a given subset of U is in E(X) depends only on 
the generators V G J{T) with V G M^(U). Since J(M^(U)) = J(F)nAf$r(U), 
Lemma 4.11.10 implies that 

Er,u(X) = E M z^ v (X) 

for every X disjoint from U . The result now follows by definition of fJ,(U). I 

Definition. Let D D (Jf. An extension T' of (J 7 ,!/) minimizes fj, in D iff 
(J J 7 ' C D and for every extension T" of (.F, [/") with {J J 7 " C _D, ^jr/ < /i^-». 

Theorem 4.11.13 Le£ _D D [J J 7 . There exists an extension T' = T ' V 7i of 
(J 7 , U) such that 

(i) H is a filter of 2 D \ U , 

(a) t(jj = n, 

(Hi) J 7 ' minimizes fj, in D. 

Proof. Note that (i) implies (ii): Let H be a filter of 2 D \ U . Since G T, 
(J 7 V fi)\u 5 7~t- For the reverse inclusion, let V G T V 7i. Then there is a 
WeH with VT C V \ U, hence 7\[/eW. 

Let J 7 \J Q be an extension of (.F, U) such that (J (/ C D \ U and 
J 7 V Q minimizes /i in D. Since (.F V (J 7 V Q)\u)\u = (-^ V Q)\Ui we have 
j-iFv(Fvg) xu = l^TvQ- This implies that we can assume (/ = (T V Q)\u- 



88 



Let H be the filter of 2 D \ U generated by Q and let P' = P ' V H. We 
show that fj,pi < i-ij^yQ which implies that P' is as desired. 
For X G G, let 

p(x) = {y en\Tr g (Y) = x}. 

Lemma 4.11.14 Let X, Y G G with X C Y. Then \P(X)\ > \P(Y)\. 

Proof. Define 

a(Z) = (Z\Y)\JX 

for Z G P{Y). Since every Z G P(Y) includes Y, a is a one-to-one map. To 
show that a maps P(Y) into P(X), let Z G P(Y). Let X' = ■k q (o(Z)) and 
suppose that X' ^ X. Then X' D X. By definition of a{Z), X' % Y. Let 
Y' = Y U X'. Then Y' G £ and Z D Y' D Y, contradicting Z G P(Y). ■ 

Lemma 4.11.15 Let X G Q. IfY G P(X), tfien P(Y) = P(X). 

Proof. We show that for every ZCU, tt t (X U Z) = vr^-(Y U Z). Let Z C U. 
Let X' = kj:(X U Z) and Y' = vr^-(Y U Z). The inclusion X C Y implies 
X' C Y'. Since Y' G P and X G ^wehaveY'UX G PV£, so that (Y'UX)\£/ = 
(Y'\[/)UI G G. Since Y G P(X) and Y D (Y' \ U) U X, it follows that 
(Y'\(/)UI C vr e (Y) = X. Using 7'nf/C Z,we get Y' C X U Z, hence 
Y' C X'. 

The identities vr^-(X U2) = vr^-(Y U Z) and vr^-(X U U) = vr^-(Y U C/") 
imply that Z G P(X) iff Z G £^(Y), as required. ■ 

For ra > 0, let 

g<n = {X eg\ |P(X)| < n}. 

By Lemma 4.11.14, the G< n are filters of g. Since (P V G)\u = ^ 5 this implies 
that if G< n 7^ 0, then fV(?<„ is an extension of (P, [/") such that (J-VG< n )\u = 
(/< n . Let X be the maximum value of P(X) . Then G<n = G- We use 
Lemmas 4.11.14 and 4.11.15 and the fact that the family {P(X) | X G G} is a 
partition of "H to compute jij^t : 



Hjt, 



J2xeT {u \E(X)\ 

\T' I 
| W| 

J2xen 1 

Ex6g| p W|-|^Wl 
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J2n=o J2xeQ\Q< n \ E ( X )\ 
E n =o z2xeQ\Q<„ -*- 



Z^o 1 (Zxe S \E(X)\-Zxe S < n \E(X)\ 

J2n=0 1^1 - \$<n\- 



Define n Ty% = [i^g. We have fi^g = [J2xeG \ E ( X )\) /l^l and if G< n ^ $> 
then M^v<?<„ = [Lxeg<„ \ E ( X )\) /\&<n\ and ^v<? < M^v<?<„- This yields 



/ijF/ 



E^o 1 (M^val^l -M^v<?<„|^<n| 



< 



Z^o 1 [\G\ ~ \G<n\ 



E^O^HM 



^e^^HM 

which implies that T' satisfies (iii), as required. ■ 

Lemma 4.11.16 Let X,Y be sets disjoint from U. IfY f] N 2 = X n N 2 , then 

E(X) = E(Y). 

Proof. By Lemma 4.11.10, whether a given subset of U is in E(Z) depends 
only on the generators of T included in N 2 . This implies that E(Z) depends 
only on Z n N 2 . ■ 

We strengthen Theorem 4.11.13. 

Theorem 4.11.17 Let DDlJJ 7 . There is an extension T' = T ' V 'ft of (T , U) 
such that 

(i) H is a filter of 2 D \ U , 

(a) t{jj = ft, 

(iii) T' minimizes fj, in D, 
(iv) T{ N2 = {D\N 2 }. 

Proof. By Theorem 4.11.13 there is an extension T V Q of T which satisfies 
(i), (ii) and (iii). Let ft = QV{D\N 2 }. We show that T' = T\lH is as required. 
By construction, T' satisfies (i), (ii) and (iv). For XE.fi, let 

P(X) = {Y EG\YnN 2 = x n N 2 }. 
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Then {P(X) \ X G H} is a partition of Q. If Y G P(X), then by Lemma 4.11.16, 
E(Y) = E(Y f]N 2 ) = E(X f]N 2 ) = E(X). Since Q is a filter of 2^, iflCY, 
then P(X\ N 2 C P(Y)\jv2. Since P(X) nJV 2 = {In JV 2 } for each IeW, this 
implies that ifXCY, then \P(X)\ < \P(Y)\. Let 

H> n = {X eU\ |P(X)| >n}. 

Then "H> n is a filter included in 7i for each n and 7i>\ = 7i. Let iV be the 
maximum value of P(X) . By assumption on J-\/G, HTvH >n > l^TvQ- Suppose 
that for some n, /ij V H>„ > l^TvQ- Then 



VT\iG 



> 



J2xeG \E(X)\ 

Zxen\P(X)\-\E(X)\ 
Exen \P(X)\ 

En=i J2xen>„ 1 

E^=l [\'H>n\^Tvn> n ) 
En=l |^>™| 

En=l |"^>n| 

En=l |^>n| 



= ^vg(U) - N 

l^n=l \ n >n\ 

which is impossible. Hence, for each n, T V 7iy n also minimizes fj, in D. In 
particular, J 7 ' minimizes fj, in _D, as required. ■ 

Corollary 4.11.18 T/iere is an extension T' = N"^{U)\/H of(Af^(U), U) such 
that 

(i) H is a filter of 2 N "\ U , 

(ii) t^ v = n, 

(Hi) if T" is an extension of (J 7 , U), then Hj^^h{U) > /U^3 i v \ jri{U). 

Proof. Let D D (J J and let T V G be an extension of (J 7 , U) satisfying the 
conditions given in Theorem 4.11.17. By Theorem 4.11.12, T\l ' G is an extension 
of (AT|(C/),C/)and 
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By condition (iv) of Theorem 4.11.17, (J-V (?) n jv 2 i s isomorphic to TV Q. This 
and Lemma 4.11.16 imply that 

Since T is an extension of (A/~^(U), U), T = Mjr{U) V Q' for some (non-empty) 
union-closed family Q' with \JQ' (~l U = 0. The family TL' = Q' V Q is a filter of 
2 D \ C/ with H[ N2 = {D \ N 2 }. Let TL = TL' nN2 . Then 

(Twg) nN 2 = {N^{u)vg'vg) nN 2 

= Af$r(U)vH, 
so that T' = Njr{U) V TL is the required extension. ■ 

Corollary 4.11.18 implies that to determine the minimum possible value 
of [j,jr jri(U), T can be replaced by Af^r(U); thus assume that T = Mjr{U). 

Henceforth we assume that U G J(T). This implies that for every X 
disjoint from U, U G £(X), so that \E(X)\ > 1. To show that (J* 1 ", f/) has 
the density property, it suffices to show that for every extension T' of (J 7 , U), 
H T i > 2. 

Theorem 4.11.19 The following are equivalent: 

(i) There exists an extension T' of (J 7 , U) such that fj,yn < 2. 

(ii) There is a filter TL of 2 \ such that /ij V H < 2 and for every min- 
imal member X ofTL, \E(X)\ = 1. 

Proof. Assertion (ii) is a special case of (i). Suppose that (i) holds. By 
Corollary 4.11.18, there is an extension TMTL of (J 7 , U) such that TL is a filter of 
2 N \ u and /ij V H < 2. Let TL be a minimal filter of 2 W ^ such that /ij V H < 2. 
Suppose that there is a minimal member X of TL such that E(X) > 2. Let 
TL' = TL\ {X}. Note that the assumption on X and /ij v ^ < 2 imply that 
ft' ^ 0. The family ft' is a filter of 2 Jv2 \ t/ and 



HTVH' 



E Y ew\E(Y)\ 

\n'\ 

Even \E(Y)\) - \E(X)\ 



< 



\H'\-1 

E Y en\E(Y)\ 



\n\ 

< 2, 
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where we used the fact that if a, b > 0, c > 1 and a/c < 6, then (a — b)/(c — 1) < 
a/c. This contradicts the minimality assumption on fi, so that fi is as desired. 

■ 

If there is no filter fi satisfying the conditions in assertion (ii) of The- 
orem 4.11.19, then fj,yn(U) > 2 for every extension T' of (J 7 , U), so that (J 7 , U) 
has the density property. This yields: 

Observation 4.11.20 If every extension T V fi of (J 7 , U) such that 

(i) H is a filter of 2 N "\ U , 

(ii) for every minimal X £ fi, \E(X)\ = 1 
satisfies /ij v ^ > 2, then (J 7 , U) has the density property. 

Let fi be an arbitrary filter satisfying (i) and (ii) of Observation 4.11.20 
and let T' = T V fi. We now assume that JiJ 7 ) is a graph. Thus, for some 
a, b £ (J J 7 , U = {a, b}. Assume that a ^ b and let 

N a = {x £ N\U\{x,a}E JiJ 7 ) and {x,b} £ J(F)} , 

JV 6 = {a; £ iV\C/|{a;,a}^«7(J-) and {a;,6}£ /(J - )}, 

JV a6 = {s £ iV\C/|{a;,a} £ J{T) and {a;,6}£ J(.F)} . 



Then N \U = N a U N b U N ab (see Figure 4.5). 

N nh 




Figure 4.5 



Lemma 4.11.21 If X Efi, then X n N a ^ $ and X n N b ^ $. 

Proof. Let XE.fi. Let X' be a minimal member of fi such that X' C X. 
Suppose X' n N a = 0. Then either {b} £ £(X') (if X' n (N ab U JV 6 ) ^ 0) or 
£ E(X') (if X' n (JV a6 U N b ) = 0). Since {a, b} £ £(X'), this contradicts 
|£(X')| = 1. Thus X'DNajt 0. By symmetry, X'f]N b ^9 and we are done. ■ 

Corollary 4.11.22 If X E fi and Y C U , then ir T (X UY)nU = Y. 
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Proof. Let X G H and YCU. Suppose that a G Y. By Lemma 4.11.21, 
there exists x G N a (~l X , so that {a;, a} G J 7 and {x, a} C X U Y, which implies 
that a G kt{X U Y). Similarly, if b G Y, then 6 G kt{X U Y), as required. ■ 

Definition. Let YCU and x E N \U . Let £(Y, a;) consist of the subsets X 
of N 2 \ U such that there is an edge {x, y} G J{3-) with j/£lUYoii/ = i. 
Define 

s{y)= n w*). 

Observation 4.11.23 ForY CU and x £ N \U , £(Y, x) is a filter of 2 n2 \ u . 

Observation 4.11.24 If X G £{Y), then X and Y satisfy condition (ii)" of 
Lemma J h 11.10. 

Lemma 4.11.25 If X G £{Y) n W, tfien Y G £(X). 

Proof. Let X G £(Y) n W. By Observation 4.11.24, X and Y satisfy (ii)" 
of Lemma 4.11.10. By Corollary 4.11.22, X and Y satisfy (i) of Lemma 4.11.7. 
The result follows by the proof of Lemma 4.11.10. ■ 

Definition. Let U be a filter of 2 . Define 

Thus z^(ZY) is the density of U in 2 . 
Theorem 4.11.26 

w(eo>i+ e n ^o»)- 

ycc/^eiv\(7 
Proof. By Kleitman's Lemma 2.6.3, for every YCU, 

u(nn e(Y)) > u(n)u(e(Y)). 

Lemma 4.11.25 and the fact that U G E(X) for every l£W yield 

E \ E ( X )\ = E K* e n | y g £(x)}| 

XeH YCU 

= \{xen\ ue e(x)}\ + E \{xen\Y e e(x)}\ 

YCU 

> \n\+J2 \nne(Y)\. 

YCU 
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Using H = Tljj we get 



J2xen \E(X)\ 

fJ-F' = — 



> 



\n\ 
\n\ + r: Ycu \nne(Y)\ 
\n\ 

> 1+ SK^))- 

Multiple applications of Kleitman's Lemma yield 

v{e{Y))> n k^^)) 

and the result follows. ■ 

Define 

J'(T) = {V E J{T)\\V\ = 2}. 

For x G N \U , define 

A(a;) = {{s, y} | y g" U and {a;, y} G J'(^)} . 
Let n(x) = \A(x)\. 
Lemma 4.11.27 Let x G N \U. Then 

(i) v(e(Q,x))> f-(ifW. 

(ii) Ifxe N a , then v(£({a},x)) = 1 and v(£({b},x)) > 1 - {^) n(x) ■ 
(Hi) Ifxe N b , then v(£({a},x)) > 1 - {^) n(x \ and v(£({b},x)) = 1. 
(iv) If x E Naf,, then z/(£({a}, x)) = z/(£({6}, x)) = 1 . 

Proof. Consider i/(£(0,a:)). If {x} G J{F), then i/(£(0,a:)) = 1. If {x} g" 
J (J 7 ), then 

2 Jv2 \ c/ \^(0, a; ) = 2 Jv2 \( c/u ^)). 

We have 

| 2 jv 2 \(e/im(*))| = 2 \N*\u\ 2 -\A( x )\^ 

which implies that 

v{S{ty,x))> I-(ifW. 

The remaining cases are proved similarly. ■ 

Recall that dg(U) is the degree in the graph Q of U . If U has minimal 
degree in J' (J 7 ), then (J 7 , U) has the density property: 
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Theorem 4.11.28 If for every edge V G J' (J 7 ) with Fn[//0, dj, {T) (V) > 
Ajiijt\(U), then for every extension T' of (J 7 , U), Ht,T'{U) > 2. 

Proof. We can assume that T' = T V 7i where 7i is a filter satisfying (i) 
and (ii) of Observation 4.11.20. Let n = djitjr\(U), n a = \N a \, n b = \N b \ and 
n a b = \N ab \. Then 

n = n a + n h + 2n ab . 

Let x G N a . We have dj/pr\({a, x}) > n and dj/pr\({a, x}) = n a + n ab + n(x). 
This gives n(x) > n — n a — n ab = n b + ra a fe. Similarly, if x G iVj, then n(x) > 
n a + ra a6- Lemma 4.11.21 and the assumptions on 7i imply that n a > 1 and 
n b > 1- By Theorem 4.11.26 and Lemma 4.11.27, 

w > i+ n K£(w,*))+ n k^(w^)) 
> i+ n( i -(D n(a:) )+ n a - (D n(a:) ) 

> i + (i-(irf + (i-(ir 

(i \ n b ( -i \ n a 

1 — (^) na J and c 2 = (1 — (^) n6 j • It remains to show that 1 + 

c i + c 2 > 2. Without loss of generality, assume that n a < n&. If ra a = 1, then 

i + Cl + C2 = i + (!)»«. + i_ (!)»«. = 2. 

Suppose that ra a > 2. Observe that (|) m > m for to > 1. Using the fact that 
(1 — a) > 1 — ba for < a < 1 and 1 < 6 (Lemma 4.11.29), we obtain 

l + Cl + c 2 > 2+(l) n "-n a (^ n " 



a\2> 
l\n b j(3\n b 



2 , V 2 



> 2 +(ir (§)»- 



> 2, 
as required. ■ 

Lemma 4.11.29 If < a < 1 and 1 < b, then (1 - a) h > 1 - 6a. 

Proof. The result is true for a = 0. Differentiating both expressions relative 
to a yields 

-^-(1 - af = -6(1 - a) 6 " 1 > -6 = -^-(1 - 6a). 
da da 

The result follows. ■ 

If J'(T) = 0, then T is generated by one-element sets, so that T is a 
Boolean lattice. Thus by Observation 4.11.20, Theorem 4.11.2 has been proved. 
In fact we have the following stronger result: 
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Theorem 4.11.30 Let J 7 be a union-closed family of sets and U G J{3~). Let 
Q = {V £ J(F)\VnU ^0}. // 
(i) W\=2, 

(ii) Q is a graph, 

(Hi) there is a simple graph Q' C 3(T) such that for every V G G with 
\V\ = 2, V G G' and d g ,(V) > dg>(U), 
then (J 7 , U) has the density property. 

Proof. Suppose that Af is a union-closed family such that T ~J Af ~2 Afj^(U). 
Then T is an extension of (A/", U) (see the proof of Lemma 4.11.11). 
Lemma 4.11.10 shows that Er tU (X) D E^ tU (X) for every X with X n U = 0. 
Therefore 

for every extension T' of (J 7 , U). Let Af be the union-closed family generated 
by G U G' U {0}. Then T 5 Af 5 Afr(U). Theorems 4.11.19 and 4.11.28 show 
that Hj\r^i{U) > 2 for every extension J 7 ' of (J 7 , U). It follows that (J 7 , U) has 
the density property. ■ 

4.12 Notes 

Section 4.1. The theory of matchings is a well developed area of 
combinatorics. One of the earliest and best known results is the theorem of 
Konig [28] and Hall [21]. It characterizes the families of sets T for which there 
is an injective map f : T —*\}T such that f(U) G U for each U G T (Theorem 
2.2.1 in Anderson [3]). 

Decreasing and increasing matchings in lattices are discussed by Duf- 
fus [13] and Kung [29], [30]. Kung [29] shows that if L is a modular lattice, then 
there is a decreasing matching a : M(L) —^ J(L), thereby answering a question 
posed by Rival. 

The union-closed sets conjecture (Conjecture 4.1.5) is stated in Duf- 
fus [14] and appears as an (open) problem in Stanley [41] (Exercise 39 pg. 161), 
where it is called "diabolical". The problem is well known. Winkler [45] writes 
that it is "one of the most embarrassing gaps in combinatorial knowledge" . 

Since the problem was posed, virtually no progress has been made 
toward its solution. It is known to be true for modular lattices (R. McKenzie 
personal communication) and geometric lattices (as mentioned in Duffus [14]). 
Neither of these results has been published (they follow from Corollary 4.7.6 and 
Corollary 4.7.10). It is also known to be true for small union-closed families of 
sets (|.F| < 20 and lU-^l ^ 8) and for some other special cases (Sarvate and 
Renaud [38], [39] and other unpublished work). 
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Section 4.2. Theorems 4.2.3 and 4.2.5 generalize some well-known 
elementary results related to the union-closed sets conjecture (A. Ehrenfeucht, 
M. Main personal communications). 

Section 4.3. The intersection-closed representations of lattices ap- 
pear (implicitly) in most textbooks on lattice theory. 

Conjectures 4.3.7 and 4.3.6 are the usual way of formulating the union- 
closed sets conjecture. 

Section 4.4. The subdirect product is a useful generalization of 
the direct product. Usually, trivial subdirect products are excluded from the 
definition. The concept is discussed in Gratzer [17] from a lattice-theoretic 
persective. 

Section 4.6. Locality in lattices is usually defined in terms of inter- 
vals. For example, a lattice L is locally distributive iff for every x,y £ L such 
that y is the join of the atoms of [x), the interval [x, y] is a Boolean lattice (see 
Greene and Kleitman [18]). 

Section 4.7. Most of the special classes of lattices for which the 
union-closed sets conjecture is known to be true appear in this section. The 
lattice-theoretic proof techniques used here are standard. 

Section 4.8. There are many unsolved density related problems. 
Some examples follow. 

Problem 4.12.1 (Colbourn and Rival, see Sands [37]) Does there exist r > 2 
such that every finite distributive lattice L contains a join-irreducible a with 

»| 



I <IO<i_i ? 

r — \L\ — r 

Observe that Theorem 4.2.5 shows that in a distributive lattice, every minimal 
join-irreducible has density at least \ and every maximal join-irreducible has 
density at most |. 

Problem 4.12.2 (Daykin and Frankl [9]) Is it true that for every convex sub- 
famUyCof2 x ,^>^? 

Note that \ p i ' is the density in P of a Sperner antichain of P. Daykin [9] gives 
a powerful strengthening of Problem 4.12.1. 

Problem 4.12.3 (Daykin [9]) Which posets P have the property that for every 
Q C P } the density of Q in P is less than or equal to the ratio of the number of 
maximal chains of P intersecting Q to the number of maximal chains of P? 
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Problem 4.12.4 (Knill) Is it true that for every e > 0, there exists w > such 
that if L is a lattice with w(L) > w, then there is a join-irreducible a £ L such 
that "VrV < o + e? is i^'s ^«e for distributive lattices? 

(The ratio ^/jl i s the width-density of [a) in P) 

The computations of Observation 4.8.2 can be continued for some other 
small values of n. For P = [1], J.-C. Renaud has computed values up to n = 9 
(unpublished). 

Section 4.9. Bounds on the minimum value of m such that L has 
the [n]-density property for all n > to, are implicit in the proof of Theorem 4.9.1 
but are quite large. Lemma 4.9.2 appears in Stanley [41]. The Zeta polynomial 
finds many applications in the study of the combinatorics of posets. 

Section 4.10. Corollary 4.10.6 and Theorem 4.10.5 generalize the 
known (but unpublished) bound h(C,[l],n) < Cnlog 2 (n). 

Section 4.11. The class of lattices shown to have the density prop- 
erty in Theorem 4.11.2 is a subclass of the class of 2-distributive lattices. The 
1-distributive identity is given by 

(ui V u 2 ) A v = (ui A»)V (u 2 A v). 

The 2-distributive identity is given by 

(ui V u 2 V u 3 ) A v = ((ui V u 2 ) Ao)V ((ui V u 3 ) A»)V ((u 2 V u 3 ) A v). 

(This is the dual of the (non-equivalent) identity given in Gratzer [17], pg 219.) 
Graph-generated union-closed families T with £ T satisfy the 2-distributive 
identity. Proof: If a £ J(J~), then \a\ < 2, which implies that a C u\ U u 2 U u 3 iff 
a C u\ U u 2 or a C u\ U u 3 or a C u 2 U u 3 . Since u A v = [j{a £ J{J-) \ a C u (~l f }, 
the result follows. 

Huhn [23] discusses ra-distributive modular lattices. 

The estimates of [ipi can be generalized for P-densities with P ^ [1] 
by using the generalization of Kleitman's Lemma to distributive lattices given 
in Anderson [3] pp 91-94. However, the resulting estimates are in general not 
strong enough to prove the P-density property for graph generated union-closed 
families of sets. 

Computations similar to the ones in this section suggest that (J 7 , U) 
has the density property if for each V £ J{J~) with V f~l U ^ 0, &jtjr\{V) is 
large enough compared to Ajijt\(U). In some cases Ajijt\(V) > r2 r log A jijt\(U) 
suffices, where r = maxjll^l | V £ J (J-)}. 
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